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ABSTRACT
E. Noether’s general analysis of conservation laws has to be completed in a Lagrangian
theory with local gauge invariance. Bulk charges are replaced by fluxes at a suitable
singularity (in general at infinity) of so-called superpotentials, namely local functions
of the gauge fields (or more generally of the gauge forms). Some gauge invariant
bulk charges and current densities may subsist when distinguished one-dimensional
subgroups are present. We shall study mostly local consequences of gauge invari-
ance. Quite generally there exist local superpotentials analogous to those of Freud
or Bergmann for General Relativity. They are parametrized by infinitesimal gauge
transformations but are afflicted by topological ambiguities which one must handle
case by case. The choice of variational principle: variables, surface terms and bound-
ary conditions is crucial.
As a first illustration we propose a new Affine action that reduces to General Rela-
tivity upon gauge fixing the dilatation (Weyl 1918 like) part of the connection and
elimination of auxiliary fields. We can also reduce it by similar considerations either
to the Palatini action or to the Cartan-Weyl moving frame action and compare the
associated superpotentials. This illustrates the concept of Noether identities. We
formulate a vanishing theorem for the superpotential and the current when there is
a (Killing) global isometry or its generalisation. We distinguish between, asymptotic
symmetries and symmetries defined in the bulk.
A second and independent application is a geometrical reinterpretation of the convec-
tion of vorticity in barotropic nonviscous fluids first established by Helmholtz-Kelvin,
Eckart and Ertel. In the homentropic case it can be seen to follow by a general
theorem from the vanishing of the superpotential corresponding to the time indepen-
dent relabelling symmetry. The special diffeomorphism symmetry is, in the absence
of dynamical gauge field and spin, associated to a vanishing internal transverse mo-
mentum flux density. We consider also the nonhomentropic case. We identify the
one-dimensional subgroups responsible for the bulk charges and thus propose an im-
pulsive forcing for creating or destroying selectively helicity resp. enstrophies in odd
resp. even dimensions. This is an example of a new and general Forcing Rule.
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1 Introduction
1.1 Generalities
Eighty years ago E. Noether [1] assembled together in a series of theorems
some consequences of continuous symmetries of classical actions. Any rigid
(Lie) symmetry gives rise to a current with the general formula
J := Σ− δφ∧ ∂L
∂dφ
(1)
The current is a (D − 1)-form, δφ is the variation of the field under an
infinitesimal rigid symmetry, dΣ represents the total divergence by which
the Lagrangian density changes (so Σ itself is defined up to an exact form,
in other words up to a topological current) and a sum over the independent
fields φ is implied. The form notation should not deter the reader as we shall
return to components for the simplest applications. The first theorem of
Noether says that the symmetry and some equations of motion are encoded
as the closure of J modulo the equations of motion. Conversely such a
conserved current or more precisely the equality of a linear combination
of the equations of motion to a total divergence implies a rigid symmetry.
The precise statement eliminates the topological ambiguity in the Noether
currents, there is no classical symmetry associated to a topological current
unless one dualizes the theory!
Secondly local (gauge) invariances imply relations between the equa-
tions of motion, these are now called Noether identities. They follow from
the triviality of the gauge variations which reduce the effectiveness of the
variational principle. Conversely the identities imply local invariances. In
the Hamiltonian formalism time dependent gauge invariance leads to pri-
mary constraints whereas secondary constraints follow from space depen-
dent gauge invariance. This is now well understood in relativistic theories
such as electromagnetism...
A third theorem formulated with Hilbert is in modern language that in
the case of gauge invariance, any current J ξ associated to a one parameter
subgroup of generator ξ of the gauge group is equal, modulo the equations
of motion, to an identically conserved (i.e. topological) local current. The
idea then was that local invariance destroyed the physical relevance of the
charges of any rigid subgroup. This claim can be made stronger as was
shown in the case of General Relativity by Bergmann and his school around
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1950 [2, 3, 4], namely there are local superpotentials U ((D−2)-forms) such
that on shell, assuming only fields and their first derivatives contribute to
the action:
Jξ := ξ.J + dξ.∧U (2)
is conserved for all ξ’s and hence J = dU . Bergmann, see [3] introduced
the term strong conservation laws. In fact local invariance is still widely and
wrongly believed to actually prevent the existence of any invariant conserved
charge, see however the recent [5]. Note that the locality ofU does not follow
from that of J even when spacetime is contractible. If one restricts attention
to infinitesimal gauge transformations along a fixed generator, one may still
multiply the latter by a scalar coefficient depending arbitrarily on spacetime
coordinates and apply the Hilbert-Noether-Bergmann construction to that
subalgebra, one obtains then
J ξ ≈ dU ξ := d (ξ.U ) (3)
Independently of these results it was shown in 1981 [6] that a p-form
gauge invariance corresponding to a (p + 1)-form potential leads to a (D −
p − 2)-form J that is closed on shell. In other words dJ ≈ 0 modulo the
equations of motion, generalizing the p = 0 and p = −1 cases. If one
views Yang-Mills invariance as a mixture of p = 0 and p = −1 invariances
one recovers the analog of Bergmann’s analysis. We recognize one half of
Maxwell’s equations in the strong conservation equation
J ≈ dU = d∗F (4)
In the nonabelian case we may still pick a direction of gauge transformations
with arbitrary (scalar and x dependent) magnitude ξ(x) then for this par-
ticular abelian subgroup of gauge transformations we have the same formula
3. This is the origin of the ’t Hooft abelian charges of the dyons, see for
instance [7].
The discussion of higher conservation laws has been recently carefully
extended to a generalised Noether theorem relating symmetries of various
types with generalised charges [8] in a cohomological framework.
Now in the case of rigid symmetry, J is already afflicted by ambigui-
ties, it is well known that they permit the constructions of the symmetrized
or improved energy-momentum tensors. This arbitrariness becomes much
more serious in the case of gauge invariance as the ambiguity of the super-
potential U seems to be total. In fact the litterature on General Relativity
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is littered with a host of superpotentials without clear status of respectabil-
ity. We shall concentrate in this paper on the local aspects of the theory, in
particular on the formulas that generalize 1, their dependence on the order
of differentiation of the fields and on possible surface terms.
But let us recall that the physical measurement of the force leads to
the value of a gravitational mass far from its source by actually assuming
asymptotic flatness all around it. One could also expand around an arbitrary
background near infinity and define a mass parameter there, this has been
carried out in particular for anti de Sitter asymptotics. In this paper we shall
focus on the asymptotically flat case. One puts the laboratory at infinite
distance from the source(s) in some direction in the sense that the metric
becomes flat up to order 1/r corrections then the limit of r2(g00+1) or
r
2 (gii−
1) in asymptotic rest frame coordinates is the physical mass deviating test
particles. The use of arbitrary coordinates requires a geometrical definition
of asymptotics, in other words of the boundary at infinity (we shall consider
spatial infinity in this first paper). We must choose a model manifold for the
neighbourhood of infinity but not its coordinates. Note that this manifold
does not have to be close to ours except there. A side remark is that local
but not global asymptotic flatness would force us to distinguish between a
local definition of mass from formulas involving total fluxes. Let us take the
example of electromagnetism and consider an orbifold ALM space obtained
by quotienting IR4 by Z2 (the sphere at infinity is replaced by IRP2). Clearly
if the electric field is e
r2
in Gaussian units its flux is equal to 2πe and not 4πe,
the conical singularity at the origin affects the relation between the total
flux and the local (asymptotic) field. Similarly total angular momentum
perpendicular to the direction of the source is measured by the limit of
R
4 ǫ
ijkgj0rk again if one assumes global trivial topology at infinity. We leave
this global issue for subsequent work.
To the above physical and local definition of charge one can compare
mathematical formulas, for instance the charge may take the form of a flux
at infinity, this is the case for the celebrated ADM expression [9] for the
total mass of a curved spacetime or the generalisation by Regge and Teitel-
boim [10] in a Hamiltonian description. We shall follow here a Lagrangian
approach and invert the conventional order of the constructions: we shall
look for a bulk density such that its integral is equal to the physical mass
given by such a flux at infinity. It has not been widely recognized that when
there is a singularity, even if it is hidden behind an horizon and contrary to
the abelian case, bulk integrals may not make physical sense.
The Nester-Witten form [11, 12] can be used outside horizons and will be
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discussed in the next paper of this series hereafter called paper II. The proof
of the positivity of total ADM mass for a general solution with black holes
uses the existence of a supersymmetric extension of the theory it localises all
the energy outside the horizons, and the “energy density” is positive there.
The special case of a global Killing vector is essentially bringing us into
an abelian framework as Kaluza-Klein inspired ideas may suggest. In a gen-
eral gauge theory we shall call Killing symmetry a Lie algebra generator
preserving the value of the gauge field, for instance isometries of a metric,
isotropy gauge transformations in Yang-Mills theory, Killing spinors for su-
persymmetry etc... The existence of a global (bulk) Killing symmetry leads
in general to the vanishing of the gauge part of the current density as a
generalisation of the vanishing charge of the photons and of all the Fourier
zero modes of the Kaluza-Klein dimensional reduction. In the case of diffeo-
morphisms the gauge current may fail to vanish because of a surface term
but it does vanish for spatial Killing directions and in the vacuum as we
shall see. We shall discuss the general formalism in section 2 but mostly
focus on the rich case of diffeomorphisms.
1.2 Perfect fluids
The reader interested in the conservation laws of fluids will at this stage be
able to skip the middle sections (3-5) on our new formulation of General Rel-
ativity and should go directly to section 6, if he so wishes. Relabelling sym-
metries allow a physically suggestive interpretation of the conserved quan-
tities of perfect fluids. These fluids obey a variational principle involving
independent Lagrangian coordinates (the labels), the fields are simply the
Eulerian, or laboratory, coordinates, they admit time independent space
relabeling gauge invariance without any gauge field. In the homentropic
(possibly compressible) case the relabelings are arbitrary volume preserving
diffeomorphisms. The corresponding spatial Noether current is purely lon-
gitudinal because there is no propagating gauge field in this gauge invariant
theory, this is the local vorticity conservation in comoving cordinates [13].
Noether’s theorem has been invoked before but without superpotentials (see
the nice review [14]) and when it was precisely formulated it was the global
theorem that was used as in Taub’s description of flows (see the review
[15]) where the roles of Lagrangian and Eulerian variables are exchanged.
It turns out that global (bulk) conservation laws do exist even in the ab-
sence of boundaries. This may seem surprising to a field theorist; we shall
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explain this phenomenon and identify the rigid symmetries responsible for
these charges. We hope to return to the effect of boundaries in the future.
We shall also identify a simple mechanism of creation of these charges
by forcing with an optimum scheme that could be implemented numerically
and almost experimentally. The problem with experimental implementation
is not serious, in most (=slow speed) situations the incompressible approxi-
mation is valid and thus one may identify at any chosen instant Lagrangian
and Eulerian coordinates so the forcing mechanism can be formulated either
theoretically in Lagrangian coordinates or practically of course in Eulerian
ones. We shall return to the incompressible case in the next paper.
This forcing, although impulsive, is reminiscent of the generation of the
electric charge of electromagnetic dyons by uniform rotation in internal space
[16] and of geodesic motion of quasistatic solutions of the variational problem
of magnetic monopole theory [17]. We shall also explain the relation between
homentropic and non homentropic situations, in fact a partial breaking from
(D + 1) to D-dimensional relabeling symmetry by some marker like the
value of the entropy changes dramatically the number of local invariants
and exchanges the properties of even and odd numbers of space-dimensions.
1.3 General Relativity
The organisation of the rest of the paper is as follows. First the notions of
cascade and abelian cascade of currents and superpotentials: J or T,U, V...
are introduced in subsection 2.1 and illustrated on simple examples includ-
ing electromagnetism, Yang-Mills theory, p-forms gauge fields, in the rest of
section 2. The identification of Noether currents for selected generators re-
duces the problem of finding the invariant charges to the selection of abelian
subgroups of gauge symmetries.
In section 3, Hilbert’s action in second order form is analysed and the
need for longer cascades appears. The spin term of Belinfante’s symmetrized
energy-momentum tensor [18] for matter is derived from the matter contri-
bution to the superpotential. The mechanism is that tensor fields with spin
do transform under diffeomorphisms with derivative terms as gauge fields
do.
In the fourth section a new first order affine gauge theory of gravitation
is defined. Its symmetries include diffeomorphisms, local linear frame trans-
formations and a new gauge symmetry without gauge field, let us call it the
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Einstein-Weyl symmetry, we shall see why momentarily. The latter gauge
symmetry does not have any propagating gauge fields, as a consequence
the associated superpotential and currents vanish. This is a special case of
the so-called Noether identities which is formulated as a general vanishing
theorem in subsection 4.2. The various superpotentials are easily analysed.
In subsection 4.3 other Noether identities are discussed and the Sparling-
Dubois-Violette-Madore rewriting of Einstein’s equations as a closure, or
conservation, condition [19, 20] is adapted to our affine theory. Supergrav-
ity practitioners should not be surprised by such a result, see for instance
[21]. What happens here is that the conservation laws encode all the equa-
tions of motion and not only some combinations of them. Gauge invariance
far from being a nuisance has the power to determine the dynamics.
The affine theory leads, see subsection 4.4, either to first order Poincare´
(Cartan-Weyl) theory by going to orthonormal frames and using the metric-
ity of the connection or to the Palatini formalism by going to a coordinate
frame and eliminating the torsion. In both cases one eliminates part of the
linear connection by its equation of motion and by fixing a residual 1-form
gauge invariance (without gauge 2-form): the arbitrariness of the scaling
part of the linear connection. In other words the invariance of the action
under the shift of Γρµν by a scaling (Weyl) component, Aµ(x) δ
ρ
ν , is a gauge
symmetry that generalizes the so-called Einstein symmetry [22]. In sum-
mary, modulo this “Einstein-Weyl” arbitrariness which is due to the form of
the scalar curvature, the vanishing of torsion and nonmetricity follow from
the variations of suitable components of the connection field. The name
of H. Weyl is associated with the invention of (scaling) gauge invariance
and is appropriate despite differences in the implementation. For this new
gauge invariance one explains again the vanishing of the superpotential and
hence of the current by the absence of propagating gauge field. Recall the
examples of kappa-symmetry or (string theory) Weyl currents...
The local invariance of our affine action with respect to those gl(D, IR)
generators that are not in the Lorentz subalgebra defined by the metric
(and consequently do not propagate) leads also to the vanishing of the as-
sociated U (ab) superpotentials. Frauendiener [23] also considered the full
frame bundle to investigate energy-momentum pseudotensors. Finally the
Hilbert action follows from our action by going to second order formalism
via the Cartan-Weyl action for instance.
In Subsection 4.5 we compare the superpotentials associated to these
four actions, they may be called respectively affine, Cartan-Weyl, Palatini
and Møller. In order to recover the right mass for the Schwarzschild solution
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Møller did actually rescale arbitrarily the potential derived canonically from
the Hilbert action and multiplied by a factor of two [24] the honest one. A
linear combination of the energy-momentum tensor and its associated su-
perpotential involving an infinitesimal gauge parameter gives 3 the ordinary
Noether current for the one dimensional subgroup along a given gauge di-
rection. Ignoring extra terms due to higher derivatives it would have the
form
Jξ = ξ
ρJρ + dξ
ρ
∧Uρ (5)
This current has its own superpotential U ξ := ξ
ρUρ. In the Palatini case
the latter becomes the Komar superpotential [25] after suitable modification
by the frame change, it has the property to be a tensor. The Palatini super-
potential differs from the affine superpotential by a contribution induced by
the choice of coordinate frame: one must compensate the change of cordi-
nates by a local linear transformation and this mixes the energy-momentum
tensor and the gl(D) current. Finally as explained in the previous section
the antisymmetry in the two indices µ and ν of Uµνρ is spoiled by the presence
of higher derivatives present in the second order formalism. The reconcil-
iation of first and second order formalisms requires also some mixing with
another symmetry in the case of the orthonormal frame choice, that is in
the Cartan-Weyl formalism: one can check that a compensating Lorentz
transformation allows us to relate the superpotentials of the two.
The whole picture can be studied for the three theories above Hilbert’s
scalar action as was just presented or for the corresponding theories above
the Einstein metric action which is noncovariant but has only first order
derivatives of the metric. The Einstein action differs from Hilbert’s by a
surface term and leads to the Einstein energy-momentum complex some-
times called pseudotensor. It was a big surprise when Freud [26] discovered
the relevant local superpotential, its origin was clarified by Bergmann but
it could have been conjectured by Noether and Hilbert! Surface terms have
been considered also in the Hamiltonian formalism [10] and for the path
integral quantization they are reviewed in [28]. We identify on the Einstein
side both the Freud superpotential and the Sparling one in section 5.1. In
the rest of section 5 we consider the issue of boundary conditions and surface
terms building on the previous examples.
Let us recall that the gauge field part of the superpotential and hence
the corresponding part of the current do vanish either when there is no
propagating gauge field but only a compensator or when there is a global
(bulk) spacelike Killing vector or its analog in a general gauge theory. The
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asymptotic symmetry of the set of allowed configurations (and solutions),
at the “end” of spacetime where one does the experiment, is needed to
define global charges because we need distinguished subgroups at infinity.
It turns out that the contribution to these charges from the gauge fields
vanishes asymptotically despite their infinite range in the case of spatial
Killing vectors defined also in the bulk, at least near infinity.
We list along the way some projects for part II.
2 The general formalism and first examples
2.1 The general formalism
A local action that depends for simplicity on the fields and their first deriva-
tives S =
∫
M L(ϕ, ∂ϕ) may be invariant under a continuous (Lie) transfor-
mation. In this case one has:
δS = 0⇔ δL = ∂µSµ = ∂L
∂ϕ
δϕ +
∂L
∂∂µϕ
δ∂µϕ (6)
Using the fact that ∂µ and δ commute, we obtain
∂µS
µ = [
∂L
∂ϕ
− ∂µ ∂L
∂∂µϕ
]δϕ+ ∂µ[
∂L
∂∂µϕ
δϕ] (7)
This implies the existence of a conserved Noether current Jµ for each gen-
erator of the Lie group:
Jµ := Sµ − ∂L
∂∂µϕ
δϕ (8)
∂µJ
µ ≈ 0 (9)
where ≈ means on shell. Note that Sµ is not uniquely defined without more
choices.
The classical theorem expresses the conservation of this current as a con-
sequence of the Euler-Lagrange field equations. In differential form notations
Jµ has a Hodge-dual (D − 1) form noted by J (where D is the spacetime
dimension). J is a local function of the fields but we can only deduce from
its closedness (dJ ≈ 0) that it is exact (J ≈ dU) if spacetime is contractible
and for a given solution of the equations of motion, in particular the (D−2)
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form U is not guaranteed to be “local”, i.e., can be written locally in terms
of the fundamental fields of the theory. The total charge Q =
∫
VD−1
J is
conserved given sufficient decay at spatial infinity, more covariantly
∫
∂VD
J
≈ 0 (VD−1 is a space like hypersurface). The addition of a topological term
to the Noether current is allowed if its topological charge vanishes so that
the Noether charge is unaffected.
Gauge theory: the cascade equations
Let us look at the case of a general gauge symmetry. That means that
the transformation of the fields can be parametrized by a local parameter
ξA(x) (here A will denote an internal or spacetime index) and its derivatives,
for example:
δϕ = ξA∆A(ϕ) + ∂νξ
A∆νA(ϕ) (10)
Note that this is just a special case. In fact there could be more terms
with an arbitrary number of derivatives of ξA(x). The surface term can also
be expanded in a similar way:
Sµ = ξAΣµA(ϕ) + ∂νξ
AΣµνA (ϕ) (11)
If we insert this decomposition in 8 and 9 we simply obtain after a trivial
rearrangement,
∂µ(ξ
AJµA + ∂νξ
AUµνA ) ≈ 0 (12)
where
JµA := Σ
µ
A −
∂L
∂∂µϕ
∆A(ϕ) (13)
UµνA := Σ
µν
A −
∂L
∂∂µϕ
∆νA(ϕ) (14)
Note that JµA which is the coefficient of the undifferentiated ξ
A(x) term
in the total current Jµ (see equations 8 and 12 ) is nothing more but the
usual Noether current. In fact, we recover the well known result by just
putting ξA(x) = Ct in 12. The extra information due to the locality of the
symmetry is encoded in the cascade equations which follow from 12 by using
the arbitrariness and independence of ξA(x) and their derivatives:
∂µ∂νξ
A(x) [UµνA ] = 0⇒ UµνA = U [µν]A (15)
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∂µξ
A(x) [JµA + ∂νU
νµ
A ≈ 0] (16)
ξA(x) [∂µJ
µ
A ≈ 0] (17)
As usual, (...) means symmetrization of the indices and [...] antisym-
metrization. Note that the first equation is an identity whereas the other
two are just on-shell equations (as emphasized by the ≈ symbol).
The main result of this computation is that the so-called Noether current
JµA is locally exact modulo the equations of motion when the symmetry is
local. The corresponding superpotential UνµA has to be antisymmetric and
can be computed directly from the Lagrangian of the theory by the use of
equation 14. This antisymmetric property is particular to the case with at
most first order derivatives of the fields.
The Noether identities
We would like here to recall the famous second Noether theorem which
gives some relations between equations of motion when some gauge symme-
try is present. We will show how they can be deduced in our formalism.
If we use the decompositions 10 and 11, the definitions 13 and 14 in the
equation 7 we obtain that
δL
δϕ
(
ξA∆A + ∂νξ
A∆νA
)
= ∂µ
(
ξAJµA + ∂νξ
AUµνA
)
(18)
where δL
δϕ
are just the Euler-Lagrange equations derived from ϕ and an
abstract summation over all the fields of the theory is understood. These
equations are now exact and we can look for the cascade equations corre-
sponding to this equality:
ξA
[
δL
δϕ
∆A = ∂µJ
µ
A
]
(19)
∂µξ
A
[
δL
δϕ
∆µA = J
µ
A + ∂νU
νµ
A
]
(20)
∂µ∂νξ
A [UµνA = 0] (21)
These last equations replace the cascade equations when no use of the
equations of motion is permited. We now see why equation 15 was exact.
12
If we now replace JµA as given by equation 20 into 19 and make use of the
antisymmetry of UµνA we easily obtain the Noether identities:
δL
δϕ
∆A(ϕ) = ∂µ
(
δL
δϕ
∆µA(ϕ)
)
(22)
Note that the Noether identities do not depend on any surface term
because all of them are hidden in JµA. This old result will be used in section
4 for a better understanding of the affine gauge theory and its reduction to
Einstein theory.
Remember that we have just treated the simple case where the decom-
positions 10 and 11 go only up to first derivative in ξA(x). In a more general
case, the above conclusions have to be modified as we will see in section 3
in the specific example of General Relativity.
The abelian cascade: the Uµνξ superpotential
In the next subsection we will give some examples but before that, let us
just show that Jµ(ξA(x)) of 8 (noted now simply Jµξ ) where δϕ is given by 10
and Σµ by 11. can be expressed as a divergence. In fact the corresponding
(local)parameter dependent superpotentials Uµν(ξA(x)) (noted Uµνξ ) will be
the most important object in gauge theories to compute conserved charges
as we shall see in specific examples. Let us use the decomposition
ξA(x) := ǫ(x)ξA0 (x)
in equation 12. ǫ(x) is just the local parameter for an abelian 1 subgroup
with ξA0 (x) fixed. The cascade in terms of ǫ(x) and its derivatives gives after
some trivial algebra the main result:
Jµξ0 ≈ −∂νU
νµ
ξ0
(23)
where in this case Uνµξ0 is simply U
νµ
A ξ
A
0 . As we shall see the case of
General Relativity in its 2nd order formulation (section 3) is only slightly
more difficult but the idea is similar. We will introduce its affine formulation
in section 4 where the computations will be easier and the comprehension
more profound maybe. Let us insist that Uνµξ0 is the fundamental object we
shall use to compute physical charges in gauge theories. The main difficulty
is to select the appropriate ξ0’s to get gauge invariant results.
1 Actually the subgroup is not really abelian in the case of diffeomorphisms but there
all changes of coordinates are linearly related or unidimensional.
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The conserved charges
The usual Noether conservation law dJ ≈ 0 can be used to define a
conserved charge. For that purpose we may integrate this equation on a
D-dimensional spacetime bounded by two spatial hypersurfaces (say Σ1 and
Σ2) and by spatial infinity (say Σ∞). If we impose the physical condition
that J has a vanishing flux through Σ∞ (in other words that the charge
does not leave spacetime between Σ1 and Σ2) , Stokes’ theorem implies that∫
Σ1
J =
∫
Σ2
J and so the charge defined as the integral of J on a spa-
tial hypersurface is conserved and is independent on the choice of spacelike
hypersurface.
The case of a local symmetry is more subtle because the usual Noether
conservation may be replaced by
J ≈ dU (24)
This has radical consequences for the meaning of what is a conserved
quantity and how to define it. In fact now equation 24 can be integrated on
a (D − 1) dimensional manifold, in two different ways:
- On Σ∞ : This will be the right choice to define a conserved charge in
General Relativity and Yang-Mills theories. Let B1∞ and B2∞ the bound-
aries of Σ∞ at time t1 and t2 respectively (these are actually D-2 dimensional
closed manifolds). If we again assume that the flux of J vanishes on Σ∞
then Stokes law applied to equation 24 will imply that
∫
B1∞
U =
∫
B2∞
U .
Then the conserved charge may be defined as the integral of U on the infinite
spatial boundary of a time-fixed hypersurface:
Q =
∫
B∞
U (25)
This definition is completely independent of the fact that there exist or
not an interior black hole horizon or singularity inside space time. The key
point is that this construction never leaves the asymptotic region and is
both robust and physical as that is precisely where charges are measured.
As we will discuss in more detail in the next examples (Yang-Mills and Grav-
itation), there exist relations between the boundary conditions we have to
impose on our fields to define the variational principle, the form of asymp-
totic Killing vectors and the associated gauge invariant conserved charges.
In some very special cases (for instance in presence of a global spatial Killing
vector), we should be able to use other timelike hypersurface than Σ∞, for
instance at finite distance (say Σr0), leading to the notion of quasi-local
14
charges. We postpone this discussion to section 5.2 for the gravitational
case.
- On Σ1 : In that case, we will obtain relations between quantities com-
puted at a fixed time. Take for example the next simplest case where space-
time has one interior boundary B1H (for instance a black hole horizon).
Then we will obtain the general relation:∫
B1∞
U =
∫
B1H
U +
∫
Σ1
J (26)
This kind of equation has been used successfully in General Relativity,
for instance to prove the positivity of the ADM mass and the first law of
thermodynamics. Our purpose here is not to repeat nor give other demon-
strations of these crucial results. We will just show in section 5.2 that their
starting point is nothing but a well understood version of equation 26 which
is a direct consequence of the locality of diffeomorphism invariance.
Let us anticipate and remark here that the left hand side is the charge
defined by the assumption of asymptotic symmetry of the fields, which allows
us to avoid the nogo theorem of Hilbert and Noether. However there is no
general prescription yet to define separately either of the terms on the right
hand side, this will be studied in paper II of this series. Clearly the choice of
inner boundary has to obey the zero flux condition and imust involve some
dynamical knowledge. This could be useful for the present sudies of anti de
Sitter spaces.
2.2 Yang-Mills case
General formalism:
Let us start with the usual Yang-Mills Lagrangian, eventually coupled
to a matter term:
LYM = −1
4
FµνA F
A
µν + Lmat(ϕ, ∂µϕ,A
A
µ ) (27)
where AAµ is the gauge potential, F
A
µν its associated curvature and ϕ a
matter field lying in some representation R of the gauge group. We also
assume that Lmat depends on A
A
µ only through the covariant derivative of
ϕ.
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This Lagrangian is invariant under the local gauge transformation:
δξA
A
µ = ∂µξ
A + fABCA
B
µ ξ
C = Dµξ
A
δξϕ = ξ
ARAϕ
⇒ δξLYM = 0
Of course fABC are the structure constants and RA the specific infinites-
imal generators in the representation R of the group.
We can now use this symmetry in equation 8 and then rewrite it as in
equation 12. The useful quantities 13 and 14 can now be computed for the
Yang-Mills Lagrangian 27 :
JµA = −fCBAABν FµνC + ∂Lmat∂∂µϕ RAϕ
UµνA = F
µν
A
Jµξ = ξ
AJµA + ∂νξ
AUµνA
We see that FµνA is just the superpotential of the naive Noether cur-
rent JµA. Now the cascade equations are nothing more but the Yang-Mills
equations:
∂ν(F
µν
A ) ≈ −fCBAABν FµνC + ∂Lmat∂∂µϕ RAϕ
Our purpose is to study the fate of conserved quantities in the presence
of local invariance so it is important to recognize these equations as conser-
vation equations of the type J ≈ dU . Here we have a superpotential which
is not anymore a gauge scalar. In fact the integral at spatial infinity of FµνA
does not make any sense as a conserved quantity because it is not gauge
invariant. The good gauge independent superpotentials are thus parameter
dependent ones and can be obtained by the abelian cascade method. The
result is obvious:
Uµνξ = F
µν
A ξ
A
Jµξ ≈ ∂νUµνξ
If we recall the discussion of conserved charges of the previous subsection,
we obtain that the gauge invariant conserved charge is (equation 25) :
Q(ξA(x)) =
∫
B∞
U ξ (28)
where as usual U ξ is the D − 2 form associated to the Hodge dual of
Uµνξ .
The point is now that in order to obtain physical charges we have to
specify and select what ξA(x) can be. This is treated in the following.
The Yang-Mills Charges
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First we would like to recall an important point which has to be taken
into account in a variational principle. A variational principle is defined
only when boundary conditions are specified. In addition, if a boundary
condition is chosen, we cannot add anymore an arbitrary total derivative to
the Lagrangian because in general when the fundamental fields of the theory
do not vanish on the boundary (say at infinity) the variational principle (i.e.
δS = 0⇒ Equations of motion) will not be satisfied.
For example, the variational principle for the Yang-Mills Lagrangian 27
implies that
∫
∂M
∂L
∂∂µAAν
δAAν +
∂L
∂∂µϕ
δϕ (29)
has to vanish for an arbitrary variation. We do not want to analyse
here the behaviour of the solutions of this equation say at spatial infinity
in terms of power series in 1
r
. We will consider the simplified Dirichlet case
as if infinity was at a finite distance like in a compactification of spacelike
infinity:
lim
r→∞
δAAν = 0
lim
r→∞
δϕ = 0
The full mathematical analysis is deferred to our second paper.
If we use this for the special case of a gauge variation, we obtain the
boundary “Killing” equations:
lim
r→∞
Dµξ
A = 0 (30)
lim
r→∞
ξARAϕ = 0 (31)
The last two equations tell us which asymptotic ξ’s are allowed in equa-
tion 28. These can form an infinite asymptotic group (see for instance the
gravitational case) but only their asymptotic form is used and these can be
a finite number of those charge by means of equation 28.
Note also that equation 29 used for the simple case δ = δξ will imply the
vanishing of Jµξ at spatial infinity and so the existence of a conserved charge
showing the consistency of our framework. We can go even further in the
analysis when there exists some global Killing parameter (i.e. Dµξ
A
K = 0).
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In that case JµξK = 0 everywhere and so the corresponding charge Q(ξK) =∫
B U
µν
ξK
can be computed on any (D-2) dimensional surface outside matter
sources.
We want to insist here on the following points
- The case of Dirichlet conditions 30 and 31 is just the simplest solution
for the vanishing of equation 29. The general solution to this condition has
to be treated in the asymptotic regime with the appropriate decrease.
- Physical conditions will specify the boundary condition (as in the case
of free or fixed-ends strings) which will not only fix part of the surface term of
the Lagrangian but also give some conditions on the asymptotically allowed
gauge parameters.
-Boundary conditions should be gauge invariant. In the case of General
Relativity this is made possible by introducing a reference space at infinity
(where it is needed).
Some well known examples are:
- The Maxwell case with matter fields which vanish at infinity. In that
case the asymptotic Killing equation just becomes limr→∞ ∂µξ = 0. The
subalgebra which will give a non vanishing finite charge will be IR. Thus the
number of charges is just 1 (the dimension of IR, which is also the number
of independent Casimir operators of the subgroup). In addition, ξ = Ct is
a global Killing parameter and so we recover the well known result that the
electric charge can be computed on any closed surface which surrounds the
charged matter distribution.
- The SU(2) Yang-Mills-Higgs system where a particular solution to the
asymptotic Killing equations is just ξA = ΦA0 (the direction of the Higgs
field at infinity), see for instance [7].
2.3 The p-form theory
We can consider the abelian p-form Lagrangian given essentially by
L = G∧∗G (32)
Where G = dB, B being the p-form abelian gauge field (see [6]).
The local gauge invariance is just δξB = dξ, where ξ is an arbitrary
(p-1)-form gauge parameter. We will not repeat all the computations but
just give the final result which is that the parameter dependent conserved
charge is given by:
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Q(ξ) =
∫
B∞
ξ∧∗G
If we again impose Dirichlet type boundary conditions, the analogue of
30 and 31 for ξ is thus:
lim
r→∞
dξ = 0
It is obvious from the definition of Q(ξ) and the equations of motion
of B ( d∗G ≈ 0) that when ξ = dβ, the charge will vanish on shell (re-
member that B∞ is already a boundary hence is closed and that partial
integration can be done without any boundary term). Thus in the case of
the p-form, the subgroup which could potentially give some non trivial con-
served charge is just the set of (p-1)-forms which are closed but not exact
or in other words the (p − 1 )th De Rham cohomology group Hp−1 of B∞.
The number of conserved charges will then be given by the (p − 1 )th -Betti
number bp−1(B∞) = dim
(
Hp−1(B∞)
)
. For example for a spacetime with 2
infinite boundaries components (wormhole) we recover 2 ordinary charges.
The reader interested only in fluid dynamics can now skip to section 6.
3 The classical case of General Relativity
3.1 Second order form of gravitation: the cascade Equations
for diffeomorphisms
Let L(g, ∂g, ∂2g) = 12k
√−gR be the scalar Hilbert Lagrangian density of our
theory. It is equal to the so-called Einstein Lagrangian up to the surface term
that eliminates second derivatives of the metric, see section 5. A variation
of L is given by
δL =
∂L
∂g
δg +
∂L
∂∂µg
δ∂µg +
∂L
∂∂µ∂νg
δ∂µ∂νg (33)
Where we omitted the spin indices of gαβ for notational simplicity. Using
the second order equations of motion δL
δg
= ∂L
∂g
− ∂µ ∂L∂∂µg + ∂ν∂µ ∂L∂∂ν∂µg ≈ 0
we can write equation 33 as a total derivative,
∂µJ
µ
ξ := δL− ∂µ
(
∂L
∂∂µg
δg − ∂ν
(
∂L
∂∂µ∂νg
)
δg +
∂L
∂∂µ∂νg
∂νδg
)
≈ 0 (34)
19
Our Lagrangian density is again such that the action is invariant under a
reparameterization xρ → xρ+ξρ(x). Putting the well known expressions for
the variation δL = LξL = ∂ρ(ξρL) and δgαβ = Lξgαβ = ξρ∂ρgαβ+∂αξρgρβ+
∂βξ
ρgαρ in 34 and sorting out the factors of ξ
ρ, ∂νξ
ρ and ∂δ∂νξ
ρ, we obtain
⇔ ∂µ(ξρT µρ + ∂νξρU µνρ + ∂δ∂νξρV µ(νδ)ρ ) ≈ 0 (35)
Where T µρ and U
µν
ρ are the canonical energy-momentum complex (called
sometimes canonical energy-momentum pseudotensor and noted t µρ ) and the
canonical spin complex respectively,
T µρ := δ
µ
ρL−
(
∂L
∂∂µgαβ
− ∂ν ∂L∂∂µ∂νgαβ
)
∂ρgαβ − ∂L∂∂µ∂νgαβ ∂ν∂ρgαβ
=
√−g
2k
(
Rδ µρ + Γ
α
αβ,ρg
βµ − Γµαβ,ρgαβ
)
U µνρ :=
(
∂η
∂L
∂∂µ∂ηgαβ
− ∂L
∂∂µgαβ
)
Λνγαβgργ− ∂L∂∂µ∂νgαβ ∂ρgαβ−
∂L
∂∂µ∂ηgαβ
Λνγαβ∂ηgργ
=
√−g
2k
[
δ µρ Γ
ν
αβg
αβ + Γααρg
µν − 2Γµαρgνα
]
V
µ(νδ)
ρ := − ∂L∂∂µ∂δgαβΛ
νγ
αβgργ (symmetrized in
νδ)
=
√−g
2k
[
1
2g
µδδ νρ +
1
2g
µνδ δρ − gδνδ µρ
]
Λνγαβ := δ
ν
α δ
γ
β + δ
γ
α δ
ν
β and Γ = Γ
(g) is the Levi-Civita connection.
Then, as in the previous examples, we derive the cascade Equations:
∂µ∂ν∂δξ
ρ
[
V µνδρ
]
= 0⇔ V (µνδ)ρ = 0 (36)
∂µ∂νξ
ρ
[
U µνρ + ∂δV
δνµ
ρ
]
= 0⇔ U µνρ + ∂δV δνµρ = F [µν]ρ (37)
∂µξ
ρ
[
T µρ + ∂νU
νµ
ρ
]
≈ 0 (38)
ξρ
[
∂µT
µ
ρ
]
≈ 0 (39)
And
Fµνρ :=
√−g
2k
[
2δ µρ Γ
ν
αβg
αβ − 2δ νρ Γµαβgαβ + gµα Γνρα − gνα Γµρα
]
(40)
Note that U νµρ is not antisymmetric and that the first two equations are
exact but that the last two are on-shell.
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We again see an important fact: equation 38 shows that the current (in
this case the canonical energy-momentum complex) can be written down
as a divergence. The gauge diffeomorphism invariance of General Relativity
implies then that the charge associated with this symmetry may be expressed
as a surface integral.
We already saw in the case of Yang-Mills theory that the most impor-
tant quantity to define conserved charges is the (local) parameter-dependent
superpotential. To derive it, we will use the abelian cascade trick in this
non trivial example. We shall just give the formal result without trying to
obtain physical consequences for the moment. We shall postpone this ques-
tion to section 5.2. The motivation to construct such an object is just that
it will provide a single formula for conserved quantities like total mass or
angular momentum. The point is that none of the tricks Landau-Lifshitz or
Weinberg used to construct the gravitational angular momentum starting
from a symmetrized canonical energy-momentum complex is needed. The
connection with the Komar or Katz superpotentials will be established in
the following sections using the affine gauge formalism, where it is much
simpler.
Let us start with equation 35 :
∂µJ
µ
ξ ≈ 0 (41)
where Jµξ = ξ
ρT µρ + ∂νξ
ρU µνρ + ∂δ∂νξ
ρV µνδρ
Now, let us define ξρ0(x)ǫ(x) = ξ
ρ(x). Again, ǫ(x)is a local parameter
for an abelian subgroup. ξρ0(x) is kept fixed and will be determined for each
conserved charge to be computed. Using this decomposition in equation 41
we get that
∂µ(ǫJ
µ
ξ0
+ ∂νǫU
µν
ξ0
+ ∂δ∂νǫV
µνδ
ξ0
) ≈ 0 (42)
The abelian cascade equations are computed in terms of derivatives of ǫ
and give:
∂µ∂ν∂δǫ : V
(µνδ)
ξ0
= 0 (43)
∂µ∂νǫ : U
µν
ξ0
+ ∂δV
δνµ
ξ0
= F
[µν]
ξ0
(44)
∂µǫ : J
µ
ξ0
+ ∂νU
νµ
ξ0
≈ 0 (45)
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ǫ : ∂µJ
µ
ξ0
≈ 0 (46)
So equation 45 shows, as one expects, that the total Noether current J µξ0
can be written in terms of a divergence modulo equations of motion due
to the locality of the symmetry. For completeness let us write down the
formula for Uµνξ0 in the gravitational 2
nd order formalism:
U νµξ0 = ξ
ρ
0U
νµ
ρ + 2∂δξ
ρ
0V
νµδ
ρ (47)
In what follows, we will omit the 0 subscript from ξ0.
We may conclude this discussion by just giving the connection of the
above formulas with some well known results:
- T µρ is nothing but one half the originally rescaled Møller energy-
momentum pseudotensor [24].
- This pseudotensor can be written as the divergence of the canonical spin
complex which is not antisymmetric (equation 38). However there exists an
antisymmetric superpotential which does the same job:
MU
µν
ρ := U
µν
ρ − ∂δW ν[µδ]ρ (48)
W ν[µδ]ρ :=
√−g
2k
(
gνµδ δρ − gνδδ µρ
)
(49)
hence equation 38 and the above definitions imply that
T µρ ≈ ∂ν MU µνρ (50)
Where MU
µν
ρ is one half the superpotential introduced (and rescaled)
by Møller [24], and is equal to:
MU
µν
ρ =
1
2k
√−ggµαgνβ(∂αgβρ − ∂βgαρ) (51)
= − 1
2k
√−g
(
Γµαρ g
αν − Γναρ gαµ
)
The same is true for Uµνξ , equation 47: there exists an antisymmetric
version of it,
KU
µν
ξ := U
µν
ξ − ∂δ
(
ξρW ν[µδ]ρ
)
(52)
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J µξ ≈ ∂ν KU µνξ (53)
Where now KU
µν
ξ is one half the Komar [25] superpotential,
KU
µν
ξ :=
1
2k
√−g (▽µξν −▽νξµ) (54)
= MU
µν
ρ ξ
ρ +W δ[µν]ρ ∂δξ
ρ (55)
Where we used in the last equation that V µνδρ =
1
2(W
νµδ
ρ +W
δµν
ρ ).
One could think that we have been lucky that such superpotentials exist
for equations 48 and 52. We shall show, in the Affine Gauge formalism
(section 3) that their existence is due to some local symmetry, just as the
existence of the canonical spin complex U µνρ . We will also understand in
an elegant way the lack of antisymmetry of the latter. The point is that the
Affine Gauge formalism is a first order formulation so the antisymmetry is
guaranted from the begining as we saw in section 2.1. Equation 55 will then
be derived in a natural way. We will also understand in an elegant way its
non-antisymmetry. Before that let us show that the addition of a matter
field will not essentially change the above formulas.
3.2 Matter’s contribution: The symmetric tensor
All the previous discussion was for vacuum gravitational theory. However
we would like to add some matter, i.e. LMatter(Φ, ∂Φ), and see how this can
affect our equations.
The basic Noether theorem gives a formula which allows us to calculate a
conserved current coming from a global symmetry of our Lagrangian. When
this symmetry is the translation invariance in a flat background then the
conserved current is just the so-called canonical energy-momentum matter
tensor ct
µ
ρ (lower case letters will be used for the contribution coming from
the matter fields), which is given by the usual formula:
ct
µ
ρ = δ
µ
ρ LM −
∂LM
∂∂µΦ
∂ρΦ and ∂µ ct
µ
ρ ≈ 0 (56)
Then, the time conserved physical quantity is the 4-momentum vector
Pρ =
∫
V ct
0
ρ dV .
In general, this energy-momentum tensor is not symmetric. As Belin-
fante has shown [18] , it is possible to add an antisymmetric surface term to
symmetrize it without changing the physics, i.e.
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Bt
µ
ρ = ct
µ
ρ + ∂ν BΣ
[µν]
ρ (57)
and
∫
∞Σ
[0i]
ρ dSi −→ 0, Btσµ = ησρ Bt µρ = Btµσ .
When our background space-time becomes a dynamical variable gαβ ,
then the matter energy momentum tensor st
σµ = 2∂LM
∂gσµ
appears as the
source in Einstein’s equations. The symmetry of its upper indices is guar-
anteed by the symmetry of the metric and it has been verified that this
quantity effectively coincides with the above Belinfante version. In what
follows, we shall give another proof of this important fact and see how this
can affect the total energy-momentum of the gravitational part. The anti-
symmetric surface term needed to symmetrize ct
µ
ρ appears naturally as the
matter superpotential .
Let LM (g,Φm, ∂Φm), the scalar Lagrangian density, be a functional of a
set of fields Φm (where m is a spin index) and their first derivatives and of
the background metric. We now use the fact that we can write the matter
variation of the Lagrangian in a total derivative form by making use of the
equations of motion of Φm only:
δLM ≈ ∂µ
(
∂LM
∂∂µΦm
δΦm
)
+
∂LM
∂gσµ
δgσµ (58)
The variations of all the fields are given by their Lie derivative. Let us
define the matrix ∆ which acts on the spin index of Φm by:
δΦm = ξ
ρ∂ρΦm + ∂νξ
ρ(∆ nm )
ν
ρ Φn (59)
Equation 58 becomes
∂µ
(
ξρ ct
µ
ρ + ∂νξ
ρu νµρ
)
≈ st
σµ
2
(ξρ∂ρgσµ + 2∂µξ
ρgσρ) (60)
Where u νµρ := − ∂LM∂∂µΦm (∆ nm ) νρ Φn is the matter superpotential and ct µρ
and st
σµ have been defined above. Now, the cascade equations are
∂ν∂µξ
ρ
[
u νµρ
]
= 0⇔ u νµρ = u[νµ]ρ (61)
∂µξ
ρ
[
ct
µ
ρ + ∂νu
νµ
ρ ≈ stσµgσρ
]
(62)
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ξρ
[
∂µ ct
µ
ρ ≈ s
tσµ
2
∂ρgσµ
]
(63)
Then equation 62 shows that if the Euler-Lagrange equations of Φm hold
then the matter superpotential is the antisymmetric quantity that we have
to add to the canonical energy-momentum tensor to obtain the symmetric
one. The last equation cannot be identified with a conservation law unless
st
σµ ≈ 0 which is the case only when no dynamical term for the metric are
present.
Let us summarize: The addition of a matter Lagrangian to the gravita-
tional one affects the equations of section 3.1 by just adding a symmetric
tensor term to the gravitational canonical energy-momentum complex. In
fact, it is easy to see that with the simple change T µρ → T µρ + t µρ , all the
above equations remain unchanged, always keeping in mind that the pre-
vious vacuum equations of motion are modified by matter terms. Finally
we have gained a deeper understanding of the relation betwen the canonical
matter tensor and the symmetric one. In what follows, we will return to
the vacuum case. We just need to keep in mind the fact that the addition
of an integer spin matter field doesn’t change anything if we proceed with
the above substitution. The case where the matter field is a finite spino-
rial representation of the Lorentz group is more subtle. In that case we
will not be able to use our affine gauge theory (because the universal cov-
ering group of GL(D, IR) requires infinite spinorial representations, see for
instance [22]), for the same reason that we cannot use Einstein formalism
to deal with spinors. However, the results derived for the affine formalism
can be reduced to the orthogonal case, allowing the addition of for example
Dirac spinors. Let us now turn to our new (affine) first order formalism,
which generalizes Cartan-Weyl or Palatini formalism. Note that if we deal
with spinors or gravitinos, first order formalism can introduce torsion. So
we will allow torsion and even nonmetricity.
4 Superpotentials of Affine gauge relativity
4.1 Definition of the theory
The simplest mathematical form of general relativity uses moving linear
frames, it is the so-called first order formalism. The classical case is the
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so(1,D− 1; IR) formulation. Let L(M) be the linear frame bundle over a D-
dimensional Riemannian manifold M with metric g (D > 2). Let us consider
on L(M) a Lagrangian D-form L, function of a linear 1-form connection ωab
(Yang-Mills gl(D, IR)), of the canonical 1-form θa (IRD valued) and of the
metric gab (which will be used to lift and lower the IRD-valued indices), as
well as their first derivatives:
L =
1
2k
Rae∧
√−ggebΣab (64)
k = 8πG is the usual normalisation factor. we defined
Σa1...ar :=
1
(D−r)!ǫa1...arcr+1...cDθ
cr+1∧...∧θcD
where ǫa1...aD is the Levi-Civita tensor density symbol. The curvature 2-form
Rab is as usual defined by
Rab = dω
a
b +ω
a
c∧ω
c
b (65)
We can also define the torsion Θa and the nonmetricity Ξab as the co-
variant derivatives (we will say curvatures) of the moving frame and the
metric respectively:
Θa := Dθa = dθa + ωab∧θ
b (66)
Ξab :=Dgab = dgab + ωab + ωba (67)
where D is the gl(D, IR) covariant derivative. We remember that the tor-
sion measures some covariant anholonomy and the nonmetricity the failure
of the metric gab to be compatible with the connection. Their vanishing
defines uniquely the Levi-Civita connection as a function of the metric and
its derivatives.
Due to their definitions these three “curvatures” obey the following
Bianchi identities:
DRab = 0 (68)
DΘa = Rab∧θ
b (69)
DΞab = Rab +Rba (70)
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In the previous sections we learned that to obtain some cascade equations
coming from a gauge symmetry of the Lagrangian we need a variational
principle. We will then take the pullback along an arbitrary local section
of the above quantities. We will keep the same letter to note the pullback
quantity for notational simplification. The two usual sections are
•) the coordinate or holonomic section where s∗(θa) = dxa and s∗(ωab) =
Γacbdx
c ( Γacb is an affine connection on M) and
••) the rigid or orthogonal section where s∗(θa) = ea and s∗(ωab) = γacbec
(ea are the well known orthogonal Lorentz frames, sometimes called tetrads
or vielbein, and γacb the Ricci “rotation” coefficients).
We will allow the fields ωab, θ
a (s∗(θa) in fact) and gab to vary indepen-
dently. The Euler-Lagrange equations corresponding to the Lagrangian 64
are
2k√−g 2
δL
δgab
= Rca∧Σcb +R
c
b∧Σca − gabRcd∧Σcd ≈ 0 (71)
2k√−g
δL
δθa
= Rbc∧Σbca ≈ 0 (72)
2k√−g
δL
δωab
= 6 Ξbc∧Σac +Θ
c
∧Σaecg
eb :=
1√−gD
(√−ggbcΣac) ≈ 0 (73)
where we used the definitions: 6 Ξab := Ξab − gabΞ2 and Ξ := Ξabgab.
We will analyse the meaning of these equations of motion and their relation
with usual formulations of General Relativity in the next subsections.
4.2 Local symmetries and associated superpotentials
The gravitational Lagrangian 64 has three distinct gauge symmetries. Let
us apply the cascade machinery for each one.
1) The local “frame choice” freedom which is of the Yang-Mills type.
Under a local infinitesimal linear transformation Λab(x) = δ
a
b + λ
a
b(x),
the variations of θa and ωab are given by:
δλθ
a(x) = λab(x)θ
b(x)
δλω
a
b(x) = λ
a
c(x)ω
c
b(x)− λcb(x)ωac(x)− dλab(x)
It is easy to check that the Lagrangian 64 remains invariant under this
transformation, i.e. δλL = 0. Since L depends on derivatives of the ω
a
b
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field only (there is no dθa or dgab terms in 64), equation 8 of the general
discussion is in this case simply
δλL− d
(
δλω
a
b∧
∂L
∂dωab
)
≈ 0 (74)
Which becomes after substitution
dJλ ≈ 0 (75)
Where
Jλ := λ
a
bJ
b
a + dλ
a
b∧U
b
a
J ba :=
√−g
2k
(
−ωbc∧Σadgdc + ωca∧Σcdgdb
)
U ba :=
√
−g
2k Σadg
db
The cascade equations are derived as before: we just impose the fact
that λab and its derivatives are arbitrary:
dλab∧
[
Jba ≈ dU ba
]
(76)
λab
[
dJ ba ≈ 0
]
(77)
Note that the ’zero’th cascade equation which in component language
was the antisymmetry of the superpotential here is automatically satisfied
because we use differential forms.
These equations are nothing other than the equations of motion of ωab
(see equation 73) as in the Yang-Mills case.
Now, if we use the abelian cascade trick, we can rewrite the total current
Jλ as a superpotential. The result is obvious:
Jλ ≈ dUλ (78)
Where Uλ := λ
a
bU
b
a.
Later we will analyse the connection of this theory with ordinary General
Relativity and we will see that this superpotential appears in the conserva-
tion of angular momentum. But before that, let us pursue the discussion of
local symmetries.
2) The diffeomorphism invariance . Under an infinitesimal local repa-
rameterisation xρ → xρ + ξρ(x), the variation of the Lagrangian is given
by its Lie derivative LξL along ξρ. Now dL = 0 because L is a top form
and Lξ = d · iξ + iξ · d so we see that the variation of the Lagrangian is a
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total derivative, i.e. LξL = d · iξL. In addition, δωab = Lξωab and so the
conservation equation becomes
d
(
iξL−
√−g
2k
[(d · iξ + iξ · d)ωab]∧gbdΣad
)
≈ 0 (79)
⇔ d
(
ξρiρL−
√−g
2k
[(dξρ · iρ + ξρLρ)ωab]∧gbdΣad
)
≈ 0 (80)
Where for notational convenience we defined iρ := i ∂
∂ρ
and Lρ := L ∂
∂ρ
.
We can then separate out the factors of ξρ and dξρ and, define the (D-1)
and (D-2) forms respectively,
τ ρ := iρL−
√
−g
2k (Lρωab)∧gbdΣad
σρ := −
√−g
2k
(
iρω
ad
)
Σad
to finally get
dJξ := d(ξ
ρτ ρ + dξ
ρ
∧σρ) ≈ 0 (81)
Again, the factors in front of ξρ and dξρ must vanish separately :
dξρ∧ [τ ρ − dσρ] ≈ 0 (82)
ξρ [dτ ρ] ≈ 0 (83)
The abelian cascade gives us:
Jξ ≈ dU ξ (84)
where U ξ := ξ
ρσρ.
The cascade equations of gl(D, IR) gauge invariance was just a rewriting
of the equations of motion for ωab. In the next subsection we will explain how
to recover General Relativity, the cascade equations 82 and 83 will encode
some Einstein equations derived by variation of θa and gab (see equations
71 and 72). We will see that in section 4.3.
Before that, let us analyse the third symmetry of the Lagrangian 64.
3) The Projective Symmetry is a generalisation of what is called the λ-
Einstein symmetry [22]. It is very easy to check that 64 is invariant under
δκω
a
b = κδ
a
b
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δκθ
a = δκg
ab = 0
where κ is an arbitrary 1-form. For completeness we note that under
such a variation, the curvature varies as δκR
a
b = dκδ
a
b and then if κ = dλ
(the λ-Einstein symmetry) it stays invariant. More generally the projec-
tive symmetry follows from the elimination of the diagonal IR subgroup of
GL(D, IR) by our choice of dynamics.
Again, the conservation equation for this symmetry reads
dJκ := d
(
κ∧
∂L
∂dωaa
)
≈ 0 (85)
If we follow the cascade we obtain as first equation that
dκ∧
∂L
∂dωaa
≈ 0
And the Noether current has to vanish. This is due to the vanishing of
the local superpotential, or in other words to the fact that we have a local
symmetry without any propagating field that transforms as a derivative
of the parameter (in particular there is no gauge potential for this local
symmetry). This is a theorem:
Theorem 1: If propagating fields have transformation rules that do not
contain derivatives of the local arbitrary parameter and if the variation of
the Lagrangian can be written as the divergence of a surface term with that
same property, then the Noether current has to vanish.
There are many well known examples of this fact, for instance kappa
symmetry or Weyl symmetry of string theory. The fact that the parameter
of the symmetry is unconstrained is fundamental for the theorem. As we
will see in the last section for the case of (non)homentropic fluids, a con-
straint on the parameter allows conserved charges, even an infinite number
of them in even space dimension. Note that the theorem may break down
for diffeomorphisms symmetry if fields have spin because of the derivative
terms or because of surface terms as in Einstein Lagrangian.
Although this projective symmetry gives no contribution to the total
Noether current or to the superpotentials, its existence is crucial if we want
to identify somehow the affine gauge theory with General Relativity. In fact
the Einstein theory will be recovered as a special gauge choice as we will see
in the following subsection.
30
4.3 Noether identities and integrability condition for gravi-
tation
The Noether Identities
First of all we would like to add some precisions about the equations of
motion 71, 72 and 73. The Noether identities due to the gauge symmetry are
relations between the equations of motion. For instance if we use equation
22 for the gl(D, IR) symmetry we obtain after some rearrangement that
D
(
δL
δωab
)
+ θb∧
δL
δθa
+ 2geb
δL
δgae
= 0 (86)
Using now 73 and the Bianchi identities 68, 69 and 70 we easily find that
86 implies (after lowering the b index)
Rca∧Σbc −Rcb∧Σac + θb∧
δL
δθa
+ 2
δL
δgab
= (Rbc +Rcb)∧Σ
c
a (87)
The Einstein theory has zero nonmetricity. In that case, the Bianchi
identity 70 implies that the symmetric part of the curvature has to vanish
R(ab) = R(ab) = 0, and so the r.h.s of 87 can be set to zero. Using this
vanishing condition the first pair of terms of this equation is completely an-
tisymmetric in ab but the last term is completely symmetric. The conclusion
of the Noether identity is then that the equations of motion of the metric
are identical to the symmetric part of those of the moving frame when the
nonmetricity vanishes. Of course these equations are nothing more than
the vacuum Einstein equations after we identify Rab with the Riemann ten-
sor Rab(g). It is also interesting to discuss the antisymmetric part of 87.
Again assuming metricity (and so the r.h.s. of 87 vanishes), the expression
θb[∧
δL
δθ
a] is actually a combination of the torsion Bianchi identity 69. It is
an easy exercise to use the invariance of ǫa1···aD under sl(D, IR) (using again
metricity) to prove this fact.
The Noether identity due to the projective symmetry is rather simple:
δL
δωaa
= 0 (88)
Its meaning will be explained in the following. Before that, we would
like to analyse the Noether identities due to the diffeomorphism invariance.
“The Einstein equations are conservation laws”
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The purpose is to reanalyse with our technology the following theorem:
Theorem 2: The following three affirmations are equivalent:
1- Spacetime is Ricci-flat with null torsion and null nonmetricity in the
Einstein gauge.
2- dτ ρ = 0 ∀ρ.
3- τ ρ = dσρ ∀ρ.
A similar theorem was obtained some time ago by Dubois-Violette and
Madore [20] but considering neither variational principle nor gauge symme-
try.
Proof:
• 2⇒ 1
First note that we can rewrite the on-shell equation 83 as an off-shell
equation by use of the formula 19 of the general discussion (section 2.1)
applied to the diffeomorphism invariance. The result is:
dτ ρ = Lρ
(
gab
) δL
δgab
+ Lρ (θa)∧ δL
δθa
+ Lρ (ωab)∧
δL
δωab
(89)
In addition to that, the Noether identity (equation 22) due to the dif-
feomorphism invariance gives:
Lρ
(
gab
) δL
δgab
+Lρ (θa)∧ δL
δθa
+Lρ (ωab)
δL
δωab
= d
(
iρ (θ
a)
δL
δθa
+ iρ (ω
a
b)
δL
δωab
)
(90)
Then equation 89 just becomes
dτ ρ = d
(
iρ (θ
a)
δL
δθa
+ iρ (ω
a
b)
δL
δωab
)
(91)
Note that the equations of motion of the theory (see explicit computa-
tions, equations 71, 72 and 73) transform as gl(D, IR)-tensors. So, the only
part of the r.h.s. of 91 which is not a gl(D, IR) scalar is the last term which is
proportional to iρ (ω
a
b). Thus, if we suppose that the l.h.s. is zero, this last
term has to vanish identically (otherwise a gl(D, IR) gauge transformation
parametrized by λab would generate the non vanishing term iρ (dλ
a
b)
δL
δωa
b
),
so we must have that δL
δωa
b
= 0. We will admit now that this last equation
implies that the torsion Θa and the nonmetricity Ξab have to vanish in what
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will be called the Einstein gauge. This important statement will be proved
in the following discussion: “fixing the projective symmetry” of section 4.4.
If we use all this in equation 91 we obtain that affirmation 2 implies that
d
(
θaρ
δL
δθa
)
=D
(
θaρ
δL
δθa
)
= 0 (92)
Now we can use equation 72 for δL
δθ
a , the Bianchi identity 68 for Rab and
the vanishing of torsion and nonmetricity to rewrite equation 91 as:
−Rbc∧Σbca∧Dθaρ = 0 (93)
This holds for arbitrary coordinate frames and so the Einstein equations
are satisfied.
• 3⇒ 2
This statement is obvious.
• 1⇒ 3
We can use equation 20 of the general discussion (section 2.1) applied to
the diffeomorphism invariance to obtain:
τ ρ − dσρ = θaρ
δL
δθa
+ ωaρb
δL
δωab
(94)
If the torsion and the nonmetricity vanish and the Einstein equations
are satisfied the r.h.s. is obviouly zero, which implies affirmation 3.
What we have obtained is thus just a new way to rewrite the Einstein
equations in D dimensions for vanishing torsion and nonmetricity. The the-
orem of Dubois-Violette and Madore [20] uses objects that are not our τ ρ
and σρ and were just postulated in D dimensions after the work of Sparling
[19] and Nester-Witten [11] [12] in 4 dimensions. To be more precise, these
objects were first defined directly on the bundle of orthonormal frames (i.e.
with gauge group so(D, IR)) and later on the linear frame bundle L(M) by
Frauendiener [23]. Our formulas are based on a variational principle and on
symmetry arguments and so cannot be obtained on the bundle. We have
to choose an arbitrary section first and then the computations can begin.
We can then hope to pullback the quantities of Dubois-Violette and Madore
along this arbitrary section. This will be done in section 5.1.
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4.4 Gauge fixing and equivalence with Palatini and Cartan-
Weyl actions
“Gauge fixing the Projective Symmetry”
At the end, we would like to recover the basic statements of Einstein
theory which are the vanishing of torsion and nonmetricity. The first one
imposes on our theory D
2(D−1)
2 constraints while the second imposes
D2(D+1)
2
more constraints, so we just need D3 constraints. One could have hoped
that these constraints would be given by the naively D3 equations of motion
of ωab 73. However the projective symmetry with its Noether identity is
telling us that the ωab give only D
3 −D independent equations (D of them
are identically zero, equation 88). After some algebraic work we derive from
equations 73 that their general solutions are given by:
Θa ≈ Λ∧θa
6 Ξab ≈ (2−D)Λgab
Where Λ is an arbitrary (undetermined by the equations of motion) one
form. In fact it is just proportional to the trace of the nonmetricity, namely
Λ = Ξ2D . Thus we obtain only (D
3 − D) independent equations which are
not enough by themselves to get a null torsion and nonmetricity. In other
words, the trace of the nonmetricity will be a free field, not fixed by the
equation of motion of ωab. However, if we fix the projective symmetry in
the Einstein gauge defined by:
ω˜ab = ω
a
b −Λδab
then we obtain the wanted result
⇒ Θ˜a = ˜6 Ξab = 0 and so Ξ˜ab = 0.
We will henceforth that the Einstein gauge is used.
“Gauge fixing the gl(D, IR) Symmetry”
We will use the following three gauge choices:
- the holonomic or coordinate gauge: θ aµ = δ
a
µ (or in differential form
notation, s∗(θa) = dxa). Here we will be able to use indifferently greek (for
the curved base manifold) or latin indices (gl(D, IR) ones).
A frame choice makes use of all the D2 degrees of freedom of gl(D, IR)
but the theory still has the diffeomorphism symmetry. The above gauge
fixing has to be preserved under a Lie-derivative transformation, and if it is
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not the case, has to be compensated by a gl(D, IR) transformation. In fact
we see that
Lξθ aµ |θ=δ = ξρ∂ρδ aµ + ∂µξρδ aρ = ∂µξa
λabθ
b
µ |θ=δ = λaµ
Thus, the diffeomorphism transformation which preserves the coordinate
gauge is a Lie derivation of parameter ξρ in addition to a gl(D, IR) rotation
of parameter λaµ = −∂µξa. Note that with this we recover for example
the usual Lie derivative formula for the metric: δgab = ξρ∂ρg
ab + λaeg
eb +
λbeg
ae = ξρ∂ρg
ab−∂eξageb−∂eξbgae. The same is true for the connection field
which now has to be identified with the Christoffel symbols (the Einstein
gauge is used), ωab = Γ
a
µbdx
µ (the non tensorial part of the connection
transformation is given by the −dλab = ∂µ∂ bξadxµ term).
This will be used in the next section to study the gravitational superpo-
tentials.
We would like now to reduce our theory to the Palatini formalism: in the
Einstein gauge, the equations of motion of Γa[µb] will imply the vanishing the
torsion. The point is that in a coordinate frame, the vanishing of torsion is
the vanishing of Γρ[µν] (remember thatΘ
a = dδa+ωab∧δ
b = Γa[µb]dx
µ∧dxb =
0).
If we eliminate the Γρ[µν] fileds from the Lagrangian 64 we recover the
Palatini first order formulation of gravity depending on the fields Γρ(µν) and
gµν . The equations of motion of the first give the metricity condition (i.e.
the equation which gives Γ in terms of g and its derivatives) and those of
the second the Einstein equations. More precisely the equations of motion
of the θa field which is eliminated by going to a coordinate frame must be
recovered as equations of motion of Γρ(µν) and g
µν . We have seen in the study
of Noether identities of gl(D, IR) how the symmetric and antisymmetric parts
of 87 are indeed deducible from them when torsion vanishes.
- the orthogonal gauge: gab = ηab (ηab is the usual flat metric).
This gauge condition fixes only D(D+1)2 of the D
2 degres of freedom
allowed by gl(D, IR). The remaining symmetries are now the Lie deriva-
tive diffeomorphism invariance and the local so(D, IR) Lorentz invariance,
parametrized now by an infinitesimal antisymmetric tensor ǫab, ǫ
ab = ǫaeη
eb =
ǫ[ab]. The easy part here is that we do not need to modify these symmetries
by a compensating “symmetric gl(D, IR) rotation” because the gauge choice
is automatically preserved:
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Lξgab|g=η = ξρ∂ρηab = 0 (95)
(
ǫaeg
eb + ǫbeg
ea
)
|g=η = ǫab + ǫba = 0 (96)
The relation with the usual tetrad or vielbein (Cartan Weyl) theory is
as follows: In the Einstein gauge the equations of motion of ω(ab) imply that
the nonmetricity has to vanish. Now the vanishing of the nonmetricity is
the vanishing of ω(ab) when the orthogonal gauge is used (remember that
Ξab = dηab + ωab + ωba = 2ω(ab) = 0).
There is a nice way to understand this: let us decompose ωab in its
irreducible parts ωabs = ω
(ab) − ωcc g
ab
D
(symmetric traceless), ωabA = ω
[ab]
(antisymmetric) and ωabT = ω
c
c
gab
D
(trace). The curvature can also be de-
composed in the same way RabS = dω
ab
S + ω
a
S c∧ω
cb
A + ω
a
A c∧ω
cb
S , R
ab
A =
dωabA + ω
a
A c∧ω
cb
A + ω
a
S c∧ω
cb
S and R
ab
T = dω
ab
T . Note that only the skew
part of the curvature (RabA ) contributes to the Lagrangian 64 (due to the
contraction of the curvature with the antisymmetric tensor Σab) and so ω
ab
T
completely decouples, the Einstein gauge corresponds to set it to zero. The
symmetric ωabS has no kinetic term and its equation of motion equals it to
zero. We recover in that way the above conclusion.
So the field ωabS can be eliminated from the Lagrangian 64 to obtain the
first order tetrad formulation of gravity, i.e. a theory which depends on the
fields ω[ab] and θa where the equations of motion of the first give the null
torsion equation and of the second the Einstein equations. Note that the
equations of motion of gab have not been lost by the gauge choice gab = ηab
as we discuss at the beginning of section 4.3. They are indeed in those of
the form θa (see equation 87).
- the arbitrary fixed frame : θ aµ = θ¯
a
µ .
This case is slightly more complicated than the previous ones. Now
the frame is chosen to be an arbitrary x-dependent frame θ¯ aµ (x). Again,
all the gl(D, IR) gauge invariance has been used. The modified remaining
diffeomorphism invariance can be computed as in the previous example:
Lξθ aµ |θ=θ¯ = ξρ∂ρθ¯ aµ + ∂µξρθ¯ aρ
λabθ
b
µ |θ=θ¯ = λabθ¯ bµ
Then the remaining symmetry combines a Lie derivation of parameter
ξρ plus a gl(D, IR) rotation of parameter λab = −θ¯µb(ξρ∂ρθ¯ aµ + ∂µξρθ¯ aρ ).
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4.5 Comparison of superpotentials
The purpose of this subsection is to collect all the above results to recover
some of the well known superpotentials. The connection with the second
order formulation of section 3 will also be established.
We learned in previous sections that the local gl(D, IR) invariance im-
plies the existence of a total Noether current Jλ together with an associated
superpotential Uλ (equation 78) both λ
a
b(x) dependent. The same is true
for the local diffeomorphism invariance (parametrized by ξ(x)) , with cor-
responding quantities J ξ and U ξ (equation 84). The κ local symmetry had
vanishing currents for the reason already explained at the end of section 4.2.
With all this we can construct a big Noether current:
J ξ,λ ≈ dU ξ,λ (97)
where
J ξ,λ := J ξ + Jλ = ξ
ρτ ρ + dξ
ρ∧σρ + λ
a
bJ
b
a + dλ
a
b∧U
b
a
U ξ,λ := U ξ +Uλ = ξ
ρσρ + λ
a
bU
b
a
Now, if we use an holonomic section s of L(M) (in other words if we use
a coordinate frame) , i.e. θa = dxa, then:
• the dual of the (D − 2)-form σρ is what we called the Møller
superpotential in equation 51. In fact, Møller multiplied it by a factor of
two in a desesperate attempt to gain weight [24]. From the definition of σρ
(equation 81) we have that:
σρ = −
√
−g
2k ω
ab
ρ s
∗(Σab)
= −
√−g
2k ω
[a
ρc gb]c s∗(Σab)
and, using the fact that s is a coordinate section, ωabc = Γ
a
bc with the
definition 51 we obtain,
s∗(σρ) =
1
2 MU
[ab]
ρ s∗(Σab)
= 12 MU
[ab]
ρ
1
(D−2)!ǫabc3...cDdx
c3∧...∧dxcD
In components, the dual 2-form of this is just MU
[µν]
ρ (the
1
2 factor is
killed as usual by the 2 coming from the ǫabc3...cDǫ
µνc3...cD contraction).
We also find that
s∗(dσρ) = ds∗(σρ) =
1
2∂α MU
[µν]
ρ dxα∧
1
(D−2)! ǫµνc3...cDdx
c3∧...∧dxcD
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= ∂ν MU
[µν]
ρ
1
(D−1)!ǫµc2...cDdx
c2∧...∧dxcD
• the dual of the (D − 1)-form τ ρ is just the canonical energy
momentum complex (of equations 38 and 39) or one half of Møller’s orig-
inal gravitational energy-momentum pseudotensor. Let us recall that L =√−g
2k RΣ where R is the scalar curvature and Σ =
1
D!ǫc1...cDdx
c1∧...∧dxcD
the volume form, we obtain from the definition of τ ρ:
τ ρ =
√−g
2k Rs
∗(iρΣ)−
√−g
2k ∂ρω
[a
µbg
d]bs∗(θµ∧Σad)
=
√−g
2k Rs
∗(Σρ)− 2
√−g
2k ∂ρω
[α
αβg
γ]βs∗(Σγ)
= MT
µ
ρ
1
(D−1)! ǫµc2...cDdx
c2∧...∧dxcD
• the dual of the (D−2)-form U ξ,λ with λab = −∂bξa (see section
4.4) is just the Komar superpotential 54. To show that we first use (from
equation 75) that:
U ba =
√−g
2k g
bds∗(Σad)
= 12W
b[dc]
a s∗(Σcd)
Where W
b[dc]
a has been defined in 49. We thus see that
U ξ,−∂ξ = ξ
ρσρ − ∂aξbs∗(U ba)
= 12
(
MU
[µν]
ρ ξρ +W
α[µν]
ρ ∂αξ
ρ
)
s∗(Σµν)
= 12 KU
[µν]
ξ s
∗(Σµν)
• the dual of the (D − 1)-form Jξ,λ with λab = −∂bξa is just
the total Noether current, equation 41 or 35. To simplify the analysis and
obtain a better understanding of what is going on, let us first make the
following comment: in the second order formalism the definition of Γµνρ in
terms of the metric and its derivatives is assumed, in our language, this
means that the equations of motion of ωab have been used (in the Einstein
gauge). This means that equation 76 becomes an identity and then the big
Noether current (definition 97) specializes for λ = −∂ξ:
J ξ,−∂ξ := J ξ + Jλ=−∂ξ = ξ
ρτ ρ + dξ
ρ∧σρ − ∂bξadU ba − d∂bξa∧U ba
We then obtain:
J ξ,−∂ξ = ξ
ρ
MT
µ
ρ s
∗(Σµ) +
(
∂αξ
ρ
MU
[µν]
ρ + ∂bξ
a∂αW
b[µν]
a
+∂α∂bξ
aW
b[µν]
a
)
1
2dx
α∧s∗(Σµν)
=
[
ξρ MT
µ
ρ + ∂νξ
ρ
(
MU
[µν]
ρ + ∂δW
νµδ
ρ
)
+ ∂δ∂νξ
ρW νµδρ
]
s∗(Σµ) (98)
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Now we are in a position to understand the objects found in the second
order formulation: the second term in 98 is just what was called the canonical
spin complex U µνρ and the last term in 98 symmetrized on the (νδ) indices
of course is just V µνδρ of section 3.1. The somewhat mysterious relation 48,
and the consequent non antisymmetry of the spin complex becomes natural
in this framework. The completely antisymmetric contribution comes from
the diffeomorphism but another term comes from a gl(D, IR) compensating
transformation. We can understand in a similar way equation 52. We point
out now that the difference between the canonical spin complex and the
Møller superpotential is not a physical observable since the conserved charge
is always obtained by its integral over a closed boundary (for instance, see
equation 25).
We will not analyse in more details the results of the previous discussion
for orthonormal sections. We just want to point that for an arbitrary fixed
section, we obtain again the Komar superpotential if we use the modified
λab given at the end of section 4.4 also for that case.
Finally, we have obtained
- An explicit derivation of superpotentials from first principles (gauge
invariance) and a general formula 14.
- The Affine formulation gives the superpotentials in a clearer geometrical
way, if reduces to the usual formulations of gravity by using some equations
of motion and fixing the Einstein gauge. This is why we will study it further
in section 5.
- Remember that the abelian cascade defined in section 2.1 is used to
obtain a parameter dependent superpotential. When we used it before com-
pensating for the choice of a coordinate section we obtained an explicitly
antisymmetric superpotential, U ξ, (which gives the Komar superpotential
when the compensation is taken into account). When we used it directly in
the 2nd order formulation we got a non antisymmetric one (see equation 47),
which has been shown to be identical to the first one up to a divergence term
52. It seems that more geometrical objects are obtained when the abelian
cascade is used in the gl(D, IR) formalism. This is the method we will use
in the following.
- About the mysterious one half factor between the superpotentials we
found from our general formula 14 and the ad-hoc definitions given in the
early days by Møller [24] and Komar [25], the point is that, as we will show
in the next section, the variational principle and the Lagrangian 64 used in
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this section are not compatible with standard asymptoticaly flat solutions
of general relativity as for example the Kerr solution. It then does not make
sense to use the corresponding superpotentials to compute for example the
conserved mass or angular momentum. If we in fact compute the conserved
charge associated with the constant asymptotic Killing time like vector for
the Schwarzschild solution, we obtain with our definitions m2 . We understand
now why Møller and then Komar doubled the above expressions in the hope
to obtain correct superpotentials. As we will see in next section, to correct
the above anomaly we will need to add a surface term to our first Lagrangian
64. The associated superpotentials will be now those of Freud [26] and Katz
[27] (actually, a non background version of it). They are comparable with
the ADM formula (see for example [10]) of the Hamiltonian formalism.
5 Surface terms, well posed variational principles
and physical charges
5.1 Physical Lagrangian, modified superpotentials
As we discussed in the Yang-Mills situation (section 2.2) the choice of bound-
ary conditions will specify the surface term we have to add to the Lagrangian
of the theory. For instance for the Lagrangian 64, the variational principle
implies that (equation 29 in the Yang-Mills case)
∫
∂M
δωab∧
∂L
∂dωab
(99)
has to vanish.
Later, we would like to impose the vanishing of metricity and torsion
which, as we know, allows us to rewrite the ωab (or the Γ
a
µb in more familiar
notation) in terms of the metric and its derivatives. But the condition
δωab = 0 on boundaries is a Neumann type boundary condition (for the
metric). If we look for conserved charges, then we would like instead to
impose Dirichlet boundary conditions. For that, we have to eliminate all
the derivatives of ωab from the Lagrangian 64 by adding a surface term.
The most obvious way to do that (and the only one, see [28]) is to define:
Lˆ = L− dS
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=√−g
2k
ωac∧ω
cb
∧Σab +
1
2k
ωae∧d(
√−ggebΣab) (100)
= −
√−g
2k ω
a
c∧ω
cb∧Σab +
1
2kω
a
e∧D(
√−ggebΣab)
Where S := 12kω
a
e∧
√−ggebΣab. Note that this Lagrangian computed
with a coordinate section and using the null torsion and metricity conditions
is the classical Einstein Lagrangian Lˆ(g, ∂g). Of course the equations of
motion are the same as in the section 4.1.
The asymptotic conditions should be coordinate independent of course
so we need some asymptotic reference manifold, ideally a boundary.
Our purpose is to derive the superpotentials associated to Lˆ. We will
analyse the conserved charges in the next section.
As for the previous Lagrangian 64, only two of the three gauge symme-
tries will give non trivial Noether currents and associated superpotentials
(as before, the κ local projective symmetry does not contribute and will be
fixed in the Einstein gauge). The analogous equation to 74 for the Einstein
Lagrangian Lˆ (which now depends on the derivatives of θa and gab only) is
δLˆ − d
(
δθa∧
∂Lˆ
∂dθa
+ δgab
∂Lˆ
∂dgab
)
≈ 0 (101)
This formula can be used for both symmetries:
- The gl(D, IR) symmetry: Due to the surface term added, the variation
of the Einstein Lagrangian does not vanish anymore but is equal to a sur-
face term δλLˆ = d
(
dλab∧
√−ggbeΣae
)
. Note that this is in some sense a
definition of δλLˆ because the Noether method only gives quantities up to a
exact form. If we use this in 101, the corresponding Noether current and
superpotentials for Lˆ are exactly the same as for L, equation 75 (and the
definitions which follow it):
Jˆ
b
a = J
b
a
Uˆ
b
a = U
b
a
Jˆλ = Jλ
Uˆλ = Uλ
and the corresponding cascade equations are obviously the same.
- The diffeomorphism invariance: we use that under a Lie derivative
the Einstein Lagrangian transforms as usual, i.e., δξLˆ = d · iξLˆ and that
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δξθ
a = Lξθa, δξgab = Lξgab = iξ ·dgab, then formula 101 becomes (compare
equation 81)
dJˆξ := d(ξ
ρτˆ ρ + dξ
ρ
∧σˆρ) ≈ 0 (102)
and direct computations show that
τˆ ρ = iρLˆ−Lρθa∧ ∂
ˆL
∂dθa
− Lρgab ∂
ˆL
∂dgab
= τ ρ + d · iρS
= −
√−g
2k
(
ωcρ∧ω
ab∧Σcab + ω
ac∧ω bc ∧Σρab
)
+diρθ
a∧
(
−
√−g
2k ω
bc∧Σbca
)
+ 12k iρ (ω
a
e)∧D(
√−ggebΣab) + 12k iρ (θa)D
(√−ggdcΣbca)∧ωbd
σˆρ = −iρθa ∂
ˆL
∂dθ
a
= σρ + iρS
= −
√−g
2k ω
ab∧Σρab
Note that Jˆ ξ = Jξ + d (iξ · S) where Jξ was given in 81.
So all the cascade equations derived in the past sections can be used
here by just hatting them and using these new formulas for practical com-
putations. Note also that the theorem 2 of section 4.3 and its proof can be
repeated identically.
The relation between τ ρ and σρ with the gl(D, IR) objects of Frauendi-
ener [23] (see discussion which follow theorem 2 of section 4.3) is as follows:
Let us derive the cascade equations for the the gl(D, IR) vector ξa defined
as:
ξa = ξρ θaρ
where θaρ will be fixed. Using this decomposition in 102 we obtain that:
d(ξaτˆ a + dξ
a
∧σˆa) ≈ 0 (103)
where now
τˆ a = τˆ ρ θ
ρ
a + dθ
ρ
a∧σρ
= −
√−g
2k
(
ωba∧ω
cd∧Σbcd + ω
bc∧ω dc ∧Σabd
)
+ 12kω
b
ac∧D(
√−ggcdΣbd) + 12kD
(√−ggdcΣbca)∧ωbd
σˆa = σˆρθ
ρ
a
= − 12kωbc∧Σabc
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What we did in the last equations is just a trick to change the ρ index
(curved manifold index) into a a index (gl(D, IR) index).
Similar objects have been encountered before in the works of Sparling,
Nester-Witten, Dubois-Violette & Madore and Frauendiener. As we already
said, it is Frauendiener who finally defined their most general version, namely
on the linear frame bundle L(M) in D dimensions:
τ˜ a = −
√−g
2k
(
ωba∧ω
cd∧Σbcd + ω
bc∧ω dc ∧Σabd
)
σ˜a = σˆa
It is easy to see that the σa’s (hatted and tilded) coincide and also the
τ a’s if we set the nonmetricity and the torsion to zero (more precisely the
hatted quantities coincide with the pullback along an arbitrary section of
the tilded ones). What we have just achieved is to derive from a variational
principal and symmetry arguments some objects whose existence appeared
before rather mysterious.
Finally, we can define as in section 4.5 the total hatted Noether ξ-
dependent superpotential, exactly in the same way as equation 97.
Let us now make contact with the ordinary second order formalism.
We are not going to repeat here the complete analysis of section 3 for the
Einstein Lagrangian case:
Lˆ =
1
2k
√−gR− ∂µSµ = 1
2k
√−ggαβ(ΓηαδΓδηβ − ΓηηδΓδαβ) (104)
Where
Sµ :=
1
2k
√−g
(
Γµαβg
αβ − Γβαβgµα
)
(105)
Let us just give crucial differences and the principal results:
- The analogue of equation 35 is
∂µJˆ
µ
ξ ≈ 0 (106)
⇔ ∂µ(ξρTˆ µρ + ∂νξρUˆ µνρ + ∂δ∂νξρVˆ µνδρ ) ≈ 0 (107)
Where
Tˆ µρ := δ
µ
ρ Lˆ− ∂Lˆ∂∂µgαβ ∂ρgαβ
=
√−g
2k
[
δ µρ (Γ
α
βγΓ
β
αδ − ΓααβΓβγδ)gγδ + ΓβραΓγγβgµα − ΓβρβΓγγαgµα
+ΓαραΓ
µ
βγg
βγ + ΓµραΓ
β
βγg
αγ − 2ΓµαβΓαργgβγ
]
Uˆ µνρ := − ∂Lˆ∂∂µgαβ (δ να gρβ + δ νβ gρα)
=
√−g
2k
[
δ νρ (Γ
µ
αβg
αβ − Γβαβgµα) + δ µρ Γβαβgνα + Γααρgµν − 2Γναρgνα
]
Vˆ µνδρ = V
µνδ
ρ =
√−g
2k
[
1
2g
δµδ νρ +
1
2g
νµδ δρ − gδνδ µρ
]
-The cascade equations are the same equations as 36-39 but hatted.
- Lˆ is now a Lagrangian which depends only on the metric and its first
derivative. One then may ask where the Vˆ µνδρ term comes from? The
answer is quite simple and is that now Lˆ is not anymore a scalar. In fact,
it is easy to show that its variation under a diffeomorphism induces an
inhomogeneous surface term due to the non tensorial part of the Γ’s. In
other words, δξLˆ = ∂µ(ξ
µLˆ)− 12k∂µ(
√−g(∂δ∂νξµgδν −∂δ∂νξνgµδ)). We note
finally that Vˆ µνδρ = V
µνδ
ρ .
- Tˆ µρ has been found by Einstein himself and is ususaly called the “canon-
ical energy momentum Einstein pseudotensor”.
- The Einstein canonical spin complex Uˆ µνρ is not more antisymmetric
than its Hilbert brother. Its associated antisymmetric quantity is what is
called the Freud superpotential [26] (analogous to the Møller one, equation
48):
F Uˆ
µν
ρ := Uˆ
µν
ρ − ∂δW ν[µδ]ρ (108)
Tˆ µρ ≈ ∂ν F Uˆ µνρ (109)
Where,
F Uˆ
µν
ρ :=
1
2k
1√−ggρα∂β(−g(g
µαgνβ − gµβgνα)) (110)
Note that F Uˆ
µν
ρ =M U
µν
ρ + S
µ δ νρ − Sν δ µρ .
The abelian cascade trick will again naturally give us a non antisymmet-
ric ξρ dependent superpotential Uˆ µνξ defined exactly as equation 47 hatted.
Its corresponding antisymmetric quantity is just a non background version
of the Katz superpotential [27].
KaUˆ
µν
ξ := Uˆ
µν
ξ − ∂δ
(
ξρW ν[µδ]ρ
)
(111)
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Jˆ µξ ≈ ∂ν KaUˆ µνξ (112)
where we have that:
KaUˆ
µν
ξ := F Uˆ
µν
ρ ξ
ρ + gµα∂αξ
ν − gνα∂αξµ (113)
= KU
µν
ξ + S
µ ξν − Sν ξµ
What we have just obtained is the Katz superpotential if we add the
condition that only asymptotically cartesian coordinates can be used to
compute the conserved charges. We will come back to this important point
in the next subsection.
- The contact between the gl(D, IR) objects and the above formulas has
been partially established by Frauendiener [23] and Szabados [29]. Remem-
ber that their definitions of τ˜ a and σ˜a coincide with our hatted quantities
(with the null torsion and metricity conditions added for the τˆ a). What
they have shown is that:
• The dual of the pullback of σ˜a (or σˆρ) along an holonomic
section (in this case the a and ρ indices are indistinguishable) is the Freud
superpotential.
• The dual of the pullback of τ˜ a (or τˆ ρ if Θa = Ξab = 0) along
an holonomic section is the Einstein pseudotensor.
• The pullback of σ˜a (or σˆa) along an orthonormal section is
the Nester-Witten form.
• The pullback of τ˜ a (or τˆ a if Θa = Ξab = 0) along an orthonor-
mal section is the Sparling form.
- With no more work than the results found in section 4.5 and the above
theorems we can easily complete the picture:
• The dual of Uˆ ξ along an holonomic section is the Katz super-
potential.
• The dual of Jˆ ξ along an holonomic section is the total hatted
Noether current Jˆµξ .
- Finally, the non antisymmetry of the Einstein canonical spin complex
Uˆ µνρ is explained in exactly the same way as we did for U
µν
ρ .
The conclusion of this subsection is that the superpotential associated
to some theory depends strongly on the choice of boundary conditions. This
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is expected because the cascade equations imply that in the case of a gauge
symmetry all the charges have to be computed on a (D−2) hypersurface. If
we complicate the story and we use more general boundary conditions then
a background superpotential has to be subtracted from the above defined
superpotentials (see Rosen [30], Cornish [31], Katz [27], Katz, Bic˘a´k and
Lynden-Bell [32], Chrus´ciel [33]). This is part of the subject of the following
subsection, we shall return to it in II.
5.2 Physical charges
We have just seen that specific boundary conditions correspond to specific
surface terms in the action which naturally do not change the equations of
motion. As we know, the result of adding this surface term is not so innocu-
ous. In fact, the Lagrangian looses its explicit scalar form (as we just saw, Lˆ
transforms as a scalar plus an inhomogenous term). The major consequence
of that is that the associated parameter dependent superpotentials are not
anymore covariant. For instance although the Komar superpotential (equa-
tion 54) is covariant the Katz one (equation 111) is not. Unfortunately for
the covariance it is the second one which is derivable with the asymptotic
spatial Dirichlet boundary conditions for the metric (and so with the Kerr
solution for example) as we will see in this section.
asymptotic conditions
The addition of a surface term S to the scalar Lagrangian L (see equation
100) replaces the “Hilbert variational principle condition” (equation 99) by
the vanishing of
∫
∂M
δθa∧
∂Lˆ
∂dθa
+ δgab
∂Lˆ
∂dgab
(114)
This condition is more satisfactory in the light of the discussion which
followed equation 99.
As in the Yang-Mills case (section 2.2), the purpose here is not to pre-
cisely solve this condition, say for example for an asymptotically flat bound-
ary. We will just illustrate what is going on with a Dirichlet condition for
the metric in the coordinate-Einstein gauge (i.e. θa = dxa and Λ chosen
so that the torsion and the metricity vanish). The Dirichlet solution for the
vanishing of equation 114 in that gauge is
lim
r→∞
δg = 0 (115)
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Where g = gab dx
a⊗dxb. The solution to that is just as usual g|∂M = g¯,
where g¯ is a given asymptotic boundary metric.
Remember that in the coordinate-Einstein gauge the remaining gauge
symmetry is a linear combination of a diffeomorphism Lξ and a gl(D, IR)
gauge rotation with parameter λab = −∂bξa (section 4.4). The result of
that is just the well known definition of the Lie derivative in a Riemannian
manifold, which for simplicity will also be called Lξ. Now this symmetry
has to preserve the above boundary condition, that means that Lξg|∂M = 0.
We obtain just the asymptotic Killing condition:
lim
r→∞
(
ξρ∂ρg
ab − ∂ρξagρb − ∂ρξbgaρ
)
= 0 (116)
Again it is important to find all the ξρ(x) that satisfy this condition.
After that, a recipe can be given to obtain all the conserved physical charges
of the theory due to the gauge symmetry. Before that we will just comment
on the non covariance of KaUˆ ξ and on the way Katz cured it.
The need of a background metric :
The problem of non covariance is important for practical computations.
For example only Cartesian coordinates were allowed to compute say the
mass of the Schwarzschild black hole in the Freud superpotential formula
(which is equal to the Katz superpotential for constant ξρ).
The way to remedy this is now well known and was introduced in the
case where the asymptotic metric is flat by Rosen [30] and Cornish [31].
Technically it consists in introducing a background metric g¯µν in the theory
and replaces every non covariant piece by a covariant one with respect to
this metric. We will just refer the interested reader to the works of Katz
[27], Chrus´ciel [33] and Katz, Bic˘a´k and Lynden-Bell [32] for flat and more
general backgrounds (for example an anti de Sitter space). For completeness,
let us note that the introduction of a non dynamical background connection
was proposed in [34].
The point is that this background metric is nothing other than the
boundary conditions we used to solve the Dirichlet problem (see above).
Thus the conserved charge makes sense in general only on the boundary of
the manifold ∂M , where its corresponding superpotential is well defined.
The idea of using the background metric g¯µν everywhere would allow to de-
fine the non covariant superpotential on M ; however the physical meaning
of these objects in general is not clear (as for example a quasilocal mass).
In some special cases, when there exists a global space like Killing vector a
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quasilocal charge can be defined. We postpone the discussion of the angular
moemntum to the last part of this subsection.
The conserved charges
Suppose as in our general discussion (section 2.1) that a portion of space-
time (between two times, say t1 and t2) is bounded by a (D − 1 ) timelike
hypersurface at infinite distance Σ∞ and by two spacelike (D − 1 ) hyper-
surfaces Σ1 and Σ2. The possibility of having a black hole will not alter
our discussion of the conserved charges, so we will ignore it. Without more
computations, we give now the recipe to find all the conserved charges due
to the local diffeomorphism invariance:
- Solve the Einstein equation with your chosen boundary conditions (we
shall take the example of Dirichlet boundary conditions for the metric).
- Given these boundary conditions, derive the parameter dependent
Noether current J ξ with its associated superpotentialU ξ (for example KaUˆ ξ
of equation 111 for the Dirichlet choice). If this superpotential is not co-
variant, use the appropriate background correction on the boundary of the
manifold M .
- Find all the ξρ(x) that satisfy the asymptotic Killing equation 116 say
for the Dirichlet condition, or its analogue for the Neumann case,
lim
r→∞
δξω
a
b = 0.
They may form an infinite group.
- Integrate the equation J ξ ≈ dU ξ on the (D− 1) surface Σ∞, bounded
by B1 at time t1 and B2 at time t2 (as in our general discussion of section
2.1). The physical condition for charge conservation is that the charge does
not “run away”, i.e. that J has to vanish on Σ∞. This implies in particular
that the integral ofU ξ on B1 will be the integral ofU ξ onB2. In other words,
the integral of U ξ on a D − 2 hypersurface (say now B∞) at infinite distance
and fixed time is the conserved quantity, and nothing more. Warning: but
for instance the integral of J ξ over a fixed time spacelike hypersurface is not
in general (for example when a black hole exists) conserved contrary to the
usual Noether charge associated to a global symmetry.
- Compute for each ξρ(x) the associated conserved charge given by:
Q(ξρ(x)) =
∫
B∞
U ξ (117)
with the parameter dependent superpotential associated to your bound-
ary choice.
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- The number of conserved charges will be given by the number of finite
Q’s which are “not always zero” (“not always zero” means that for example
even if the linear momentum of Schwarzschild black hole is zero, a finite
boost transformation can give it a non null contribution; in that case the
linear momentum counts as a charge). The number of really independent
charges (not connected by a asymptotic gauge transformations) will be given
by the number of Casimirs of this subgroup.
Some comments on the total Noether current
We would like to conclude with some comments on the total Noether
current J ξ, and its associated equation
Jξ = dU ξ (118)
In our discussion on conserved charges we just integrated this equation
at Σ∞. The other obvious choice is to integrate it on a (D − 1) space like
hypersurface Σ, bounded say by B1 and B2, where 1 or 2 can stand for an
asymptotic or black hole boundary, or any other finite distance. This is the
problem of quasilocal charges.
However, we have to be very careful because to perform such an inte-
gration, the current and the superpotential must be defined everywhere and
not only at infinity. Let us show some cases where this can be done:
- The quasilocal angular momentum associated to a global Killing vector,
namely ▽(µξν)|Σ = 0. Remember that the Katz superpotential can be
written as the Komar (one half of the usual definition) superpotential wich
is covariant plus a non covariant part (see equation 113):
KaUˆ
µν
ξ = KU
µν
ξ + S
µ ξν − Sν ξµ (119)
One of the timelike normals to the boundary of the hypersurface Σ is
orthogonal to the Killing vector ξµ (which is spacelike). If Σ is chosen
tangent to the Killing vector so that the second normal to its boundary is
also orthogonal to ξµ, then the last two terms of 119 vanish after integration
over Σ.
In that case, the Katz superpotential becomes covariant and so can be
defined at any point of the manifold, it becomes the covariant Komar su-
perpotential.
On the other hand, the total Noether current Jµξ (see definition 34)
becomes in the Killing case just ξµL (remember that δξgµν = 0). When
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integrated over Σ this term will also vanish (remember the orthogonality
between ξµ and the normal of Σ). What we obtained is just that∫
B1
KU ξ =
∫
B2
KU ξ (120)
Which shows the quasilocal nature of the conserved quantity.
The angular momentum of an axi-symmetric spacetime obviously satis-
fies the above conditions. As was shown by Katz, the one half factor in front
of the old Komar expression is welcome because it gives the right (absolute)
value for the angular momentum.
Note finally that the existence of a quasilocal conserved charge could
have been expected from Kaluza-Klein arguments. In fact, the presence of
a global spacelike Killing vector allows us to dimensionally reduce the grav-
itational Lagrangian along this direction. It is well known that when such
a reduction occurs, some abelian gauge field with its associated quasilocal
(electric type) charge appears. Thus the quasilocal charge is just the one
corresponding to the abelian internal symmetry left after a Kaluza-Klein
reduction.
- The proof of positivity of the gravitational mass is also an example
where the equation 118 has been used successfully [11] [12]. The integral of
J ξ on Σ was shown to be positive and the integral of U ξ on the black hole
horizon to vanish [35]. This implied the positivity of the integral of U ξ at
spatial infinity. We would like to point out here that the superpotential used
by Witten [11] (and later in a covariant way by Nester [12]) was explicitly
covariant, spinor dependent and reduces to what is called the Nester-Witten
form (σˆa of section 5.1) in the constant spinor case. It has been shown to
come from the asymptotic local supersymmetry invariances of N=1 D=4
supergravity [36].
- Finally another historical example where the equation 118 has been
used is in the proof of the first law of black hole thermodynamics [37]. The
Killing vector is timelike but in vacuum L ≈ 0 and so J ξ (Komar current)
vanishes in the bulk of a spacelike hypersurface. This implies a relation
between the integral of U ξ at the horizon of the black hole and at spatial
infinity wich was the first step in the proof of the first law. Note that in
that case, the covariant superpotential used was just the original Komar
superpotential (multiplied by its historical factor of two). Some improved
version of the first law was given by Wald [38].
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6 Fluids: a case of constrained gauge parameter
This section is meant to be readable independently of the previous three.
6.1 The theory and the cascade equations associated to its
sdiff (Va) gauge symmetry
In this last section we will discuss another case where the cascade equations
can be useful to find conserved quantities. We will treat the case of non
relativistic fluids, (the relativistic case can be studied in a similar way, work
in progress), in a Lagrangian formulation in contrast with the more usual
Eulerian discussion.
In this context, the basic fields of our theory are the fluid-particle Eule-
rian coordinates xi(aa, τ). The cells of fluid are labelled by the aa at a given
time τ . The i, j, k... indices will be used for the laboratory space (called
x-space) whereas the a, b, c... will be for the internal label space (called a-
space) both with same dimension D. The labelling follows the fluid particles
along the dynamics. The labels are the Lagrangian coordinates. The domain
of aa is a manifold Va without boundary (see paper II for boundaries).
The action to extremize is the integral of the following Lagrangian [14]
over the a-space:
L =
1
2
(
∂xi
∂τ
)2
− e
(
det
∂xi
∂aa
, s(aa)
)
− Φ(xi) (121)
Φ(xi) is the potential of some external force.
Here e is just the specific internal energy, a given thermodynamic func-
tion of det ∂x
i
∂aa
and of the specific entropy s. The important hypothesis here
is that the entropy s depends on the labels but not on the time τ , it is an
adiabaticity or isentropy condition. We could have used the pressure or any
other macroscopic thermodynamic variable. We will see in the following
that the presence of such a conserved non uniform function breaks the max-
imal infinite dimensional τ -independent relabelling gauge group allowed by
the theory, namely SDiff (Va), the group of all diffeomorphisms that pre-
serve the D-volume to (proper)subgroups. The amazing thing is that the
number of mesurable physical charges will be dramatically altered by such
reductions.
We will not analyse here the equations of motion of this Lagrangian and
its relation with the more usual formulation of Euler equation. We just refer
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the interested reader to the excellent review [14].
Another way to look at this theory is to say that it is the dynamics of the
mapping xi(aa, τ) from the a-space onto the x-space (aa → xi) as a function
of the time τ . We will suppose that this mapping is invertible. This will
allow us to come back to the Eulerian description (i.e. velocities of the fluid
as functions of the xi’s) using the inverse formula aa = aa(xi, t) (see section
6.3).
The a-space contains of course a volume form to allow integration, its
density has been normalised for convenience to one. Its pullback with the
inverse x-map will then induce a volume form on x-space with density ρ
which is given by the inverse of the Jacobian of the transformation aa → xi:
ρ = Det
∣∣∣∣∣∂x
i
∂aa
∣∣∣∣∣
−1
(122)
The labels will be taken so that ρ gives correctly the mass density of the
fluid.
The x-space admits the Euclidean metric ηij . To simplify our example
this metric was assumed to be flat but in more general cases it could depend
on the xi fields. This is the case of general relativistic fluids which can be
analysed similarly. Its pullback along the x-map will induce a metric on the
a-space, which will not be invariant, i.e.,
gab =
∂xi
∂aa
∂xj
∂ab
ηij,
∂gab
∂τ
6= 0 (123)
Let us first analyse the homentropic case (barotropic if the pressure is
taken as the given thermodynamic function) where S(aa) = S0 = C
t.
If we make a completely general (internal) coordinate transformation
δaa = ξa(aa) (124)
the Lagrangian 121 will not in general vary by a total derivative; instead,
δL = ξa∂aL. Something special happens in general relativity where the
volume form is metric compatible of density
√−g. The variation of this
term provides the missing ∂aξ
aL part which allows to complete the total
derivative, in that case, the symmetry group contains all the spatial diffeo-
morphisms of the internal coordinates denoted by Diff (Va). The absence of
such an invariant metric in the a-space does not allow us to use that trick.
However imposing on the gauge parameter to be divergenceless, ∂aξ
a = 0 the
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transformation 124 is now a gauge symmetry of the fluid Lagrangian 121,
δL = ∂a(ξ
aL). The infinite dimensional gauge group is then SDiff (Va), the
group of τ -independent diffeomorphisms which preserve the volume form.
Let us insist that this has nothing to do with incompressibility which does
not hold here, in fact the incompressible case will be discussed in paper II.
Under such a local transformation, the variation of the fluid field is given
by δxi(aa, τ) = ξa∂ax
i. Let us now apply the cascade machinery to the
Lagrangian 121, equations 8 and 9 give
∂α (T
α
a ξ
a) ≈ 0 (125)
Where the α indices combine (τ, aa) and T αa :=
∂L
∂∂αxi
∂ax
i − δ αa L is the
canonical energy momentum tensor. The cascade equations associated to
this symmetry are given by:
∂αξ
a T αa ≈ 0 (126)
ξa ∂αT
α
a ≈ 0 (127)
Since ξa is not arbitrary but constrained by the volume preserving con-
dition (and of course also time independent), the theorem 1 of the end of
section 4.2 is not applicable any more. Thus we cannot say that the Noether
current T αa identically vanishes due to the locality of the symmetry but in-
stead that (see equation 126)
∂bξ
a T ba = 0 ⇒ T ba = δ ba Λ
Where Λ is a function (a Lagrange multiplier) which can be explicitly
computed, Λ = P
ρ
− L, where P is the pressure and is defined as usual by
P = − ∂e
∂ρ−1
. Using the definition of T ba we easily see that this implies that
the Lagrangian 121 can depend only on the determinant of ∂x
i
∂aa
(i.e. on the
density of the fluid ρ) . With that, equation 127 becomes:
ξa (∂τAa ≈ −∂aΛ) (128)
where we defined Aa := T
τ
a , which is just
∂xi
∂τ
∂xj
∂aa
ηij . For further discussion
in the next subsection, note that this can be rewritten as
∂τ (Aaξ
a) = −∂a (Λξa) (129)
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We will use this result to obtain the conserved charges of the theory.
But before that let us consider the case where the entropy is not anymore
uniform. Even sdiff (Va) does not preserve the Lagrangian 121. In fact, its
variation is given by δL = −∂e
∂s
∂s
∂aa
ξa. So the gauge symmetry of the theory is
reduced. In fact, we have to look for some ξa ∂
∂xa
such that its Lie derivative
on s(aa) vanishes, i.e.
ξa
∂s
∂aa
= 0 (130)
This shows that we can only use the sdiff (Va) vectors which are tangent
to the constant entropy (D−1)-dimensional hypersurfacesWa. The entropy
plays the role of a label and allows us to reduce the dimension of the problem
with the associated partial breakdown of diffeomorphisms. The resulting
gauge group is thus SDiff (Wa). If there were more than one thermodynamic
quantity in the Lagrangian which depended explicitly on the labels, say p
of them, then the gauge group would be SDiff on each D − p dimensional
invariant set. The extreme case is when all the directions are broken, no
more local symmetry remains, the system is then like frozen.
This restriction of ξa to be orthogonal to ∂as has important consequences
on the cascade equation 128. In fact we can now only deduce that
(∂τAa + ∂aΛ) ≈ λ∂as (131)
Where λ is an arbitrary function, the Lagrange multiplier for s.
All these observations have very important consequences on the number
of conserved charges of our theory as we will see in the subsection 6.3.
6.2 Conserved charges and forcing
We saw in the gravitational (or Yang-Mills) discussion that the important
charge is the parameter dependent (or gauge invariant) one. In simple words
it just means that the physical charges that we will be able to measure in
our laboratory are going to be scalars of the gauge group (so, quantities with
no floating a index and no aa dependence). Let us first integrate equation
129 over all the a-space with the supposition that there is no boundary:
∂τ
∫
Va
Aaξ
a dDa = 0 (132)
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What we have to do now is just to find all the allowed ξa as functions
of the local fields that satisfy the volume preserving constraint and the τ -
independence. The key formula 132 identifies the one dimensional subgroup
of the infinite dimensional gauge group whose charge is computed.
Let us say in words what remains to be done: the problem to find gauge
invariant charges is now that of finding the diffeomorphism parameters ξa
that can be constructed in a tensorial way from the physical fields of the
theory. This is done in detail and full generality in the next section. Con-
sidering the importance of the helicity invariant of Moreau [39] and Moffatt
[40] in turbulence, especially in magnetohydrodynamics (dynamo problem,
Kolmogorov cascade...) let us exhibit the diffeomorphism in label space
that is responsible for helicity, in other words that is such that rigid diffeo-
morphisms along it have helicity as their canonical Noether charge. Then
we will give a general algorithm for impulsively modifying the charge (here
the helicity) in a controlled fashion. We shall use components rather than
differential forms to be read more widely despite some inevitable heaviness.
It turns out that the vorticity (co)vector which can be expressed in La-
grangian coordinates ωa := (curl u)i(∂aa/∂xi) is the simplest possible ξa
one can think of. It could have been guessed long ago that in order to in-
crease the pseudoscalar density of helicity u.ω it is necessary to push (or
kick) the fluid along its vorticity the resulting change in vorticity however
might destroy the effect. In fact it does not, we shall presently show that
pushing along the vorticity and proportionnally to it, that is only along
vortex bodies is optimum.
We would like now to propose as a general result the
RULE: If there are a global or rigid Noether symmetry and the associated
charge given with x representing the field variables by δx = ξ(x) and Q =∫
Jξ from eqs. (23) 129, then the change of Q under the impulsive forcing
at some time t
δx = 0 , δu = ξ(x)
is precisely equal to
δQ = (∂2L/∂u∂u).ξ.ξ
This is a positive quantity in view of the positivity of the acceptable kinetic
terms.
It is important to realise that the time independent symmetry variation
dictates the form of a time dependent kick (not a symmetry anymore) along
itself that does increase the charge (with the proper sign). This is obvious
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for linear momentum and translation invariance but quite general. Note
that dropping the surface term is allowed for any spatial symmetry; for the
energy or boost charges a separate analysis is required.
Let us now consider a simple example. To create helicity let us take a
vortex ring with vorticity concentrated for definiteness on the core, helicity
is zero by parity. Then let us force it to rotate along itself in effect creating a
second vorticity distribution through it clearly this is a situation of knotted
vortex lines see [40] at the origin of helicity.
This can be adapted to 2 dimensions and leads to control of enstrophies.
Let us recall that the first enstrophy is quite important in Kolmogorov’s cas-
cade. We shall develop the applications of this general technique in further
papers.
6.3 Explicit “abelian” symmetries
The best way to do that is to rewrite everything in differential form notation
and we shall follow the review [41]:
- First remember that there is no available invariant metric in the a-space
and that the Hodge dual operation is not allowed.
- There exists a (D − 1 )-form associated to ξa, namely ξ = iξµ =
1
(D−1)ǫab2...bDξ
a dab2∧ . . .∧dabD , where µ is the volume D-form of the a-
space. The volume preserving condition is then just the closure of ξ, dξ = 0,
or locally, ξ = dζ, where ζ is some (D − 2 )-form to be determined. If there
exists some non uniform thermodynamic function, say for instance the en-
tropy s, then ξ must satisfy the additional constaint ξ∧ds = 0, see equation
130.
- Aa will now be written as a 1-form A := Aadx
a. So equation 128
becomes ∂τA ≈ −dΛ which implies that ∂τdA ≈ 0 (this is nothing but the
Eckart law [13] derived also with Noether arguments by Salmon [14]). In
the nonhomentropic case, equation 131 becomes ∂τdA = dλ∧ds. Thus the
supposition that the entropy is time independent implies that the conserved
quantity will be now ∂τdA∧ds = 0.
-The conserved charge 132 is in this notation Q(ξ) =
∫
A∧ξ, with the
extra condition (the τ independence of ξ) that ∂τξ = 0.
In summary, the problem of finding a conserved charge has been reduced
to the problem of finding all (D − 1 )-forms ξ which satisfy
- Closure, dξ = 0.
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- Time independence, ∂τξ = 0.
- preservation of the thermodynamic function(s), if any, ξ∧ds = 0.
To solve first the time independence condition we can observe that if the
only available field of our theory is A then any τ independent local function
(or form) has to depend only on dA in the homentropic case and on dA∧ds
in the nonhomentropic one. dA is just the Lagrangian version of vorticity.
So, the local, time-conserved,
• functions are
- the entropy or any other thermodynamical given function, if any.
- only in the even dimensional homentropic case (D = 2n, n ≥ 1) ,
f0 =
dA∧...∧dA
µ (n number of dA).
- only in the odd dimensional nonhomentropic case (D = 2n+1, n ≥ 1),
g0 =
ds∧dA∧...∧dA
µ (n number of dA).
Of course, any function of these functions is again a τ conserved func-
tion. Note in particular that in the homentropic (uniform entropy) odd
dimensional case, there is simply no τ conserved local function.
• 1-forms are df , where f is any of the above time conserved
functions. In fact, the only other one form we have at our disposal is A but
it does not satisfy ∂τA = 0. Again, any conserved function times one of
these one forms is also conserved.
• 2-forms are any wedge product of any two of the above 1-forms
and dA in the homentropic case.
• 3-forms are any wedge product of the above 1-forms and 2-forms
plus dA∧ds in the case of nonhomentropic fluid.
• p-forms, p ≥ 4 any wedge product of the above forms.
Let us show how the analysis continues for specific cases:
• The (homentropic) odd dimensional case, D = 2n + 1, n ≥ 1:
We are in the case where no conserved function exist. From the above
discussion, we can see that only even conserved forms exist. Fortunately ξ
should be an even closed form (of degree 2n). Then the only local possibility
is ξ = dA∧ . . .∧dA (n times). The conserved charge is thus, following
equation 132:
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Q =
∫
Va
A∧ (dA∧ . . .∧dA) (133)
The Eulerian version of these results already exists in the litterature [42]
[43] and are just generalisations of the helicity. The relation will be given in
the last subsection.
• The (homentropic) even dimensional case, D = 2n, n ≥ 1: The
most important difference with the above case is that now we have an infinite
number of τ -conserved functions, namely f0 and any function of it. However,
the only non vanishing conserved 2-form is dA because if f and g are two
arbitrary functions of f0, then df∧dg =
∂f
∂f0
∂g
∂f0
df0∧df0 = 0. We then
can look for all the odd (2n − 1)-dimensional closed forms ξ which can be
constructed from the above ingredients. It is not difficult to see that the
most general possibility is ξ = df∧dA∧ . . .∧dA (n− 1 times), where again
f is any function of f0. Then the conserved charges are
Qf =
∫
Va
A∧ (df∧dA∧ . . .∧dA) (134)
Note that if we integrate by parts, the above definition is nothing but
Qf¯ =
∫
Va
f.f0µ =
∫
Va
f¯µ, where f¯ is another function of f0 given by f.f0.
Since f is arbitrary, f¯ is arbitrary too. The number of charges is infinite.
There is an intuitive way to understand the meaning of this infinity. If
we take a Dirac δ function for f¯ (say δ(f0 − C) where C is an arbitrary
constant) the conserved charges Qf¯ guarantee that each surface of constant
f0 is conserved. The fluid looks like an infinite number of (D−1)-dimensional
subsystems at each slice of constant f0. Then the arbitrary function f¯ gives
the relative weight to assign to each hypersurface of constant f0 when we
compute a conserved charge as an integral over the whole D-dimensional
label space.
An Eulerian translation of this result (which is a generalisation of what
is called enstrophy) will be given in section 6.3.
• The (nonhomentropic) odd dimensional case, D = 2n + 1, n ≥
1: Now we have an extra data which is a τ conserved function, namely
the specific entropy s (again, the same is true for any other macroscopic
thermodynamic function). The most important consequence of that is that
now we can construct the analogue of f0, namely g0 =
ds∧dA...∧dA
µ , which
is time conserved. With this extra data, the most general 2n closed form
ξ which in addition satisfies the symmetry constraint ξ∧ds = 0 is simply
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ξ = r(g0, s) dg0∧ds∧dA . . .∧dA (n − 1 times), where r is any function of
g0 and s. The doubly infinite number of conserved charges are then
Qr =
∫
Va
A∧ (r dg0∧ds∧dA∧ . . .∧dA) (135)
This can be rewritten more simply after an integration by part as Qr¯ =∫
Va
r¯µ, where r¯ := [
∫ g0 r(g˜, s)dg˜] .g0 is any function of g0 and s. We will see
in section 6.3 that the Eulerian version of g0 is just what is usualy called
the potential vorticity of Ertel [44] in the three dimensional case.
The amazing point here is that in an odd dimensional space, the presence
of a non uniform thermodynamic variable breaks the maximal symmetry
group (namely SDiff (Va)) with only one conserved invariant charge to a
proper subgroup (sdiff (Wa)) (where Wa is again a (D − 1)-dimensional
manifold) with an infinite number of conserved charges again invariant under
relabeling.
Note that the last formula 135 depends on the choice of the two param-
eter function r¯. What really happens is that the presence of a non uniform
entropy breaks our odd D-dimensional fluid theory into an infinite number
of even (D − 1 )-dimensional ones. Take the example of a three dimensional
fluid. When a gradient of entropy exists we can define a bidimensional the-
ory on each slice of constant entropy. As we saw in the previous example,
each of these bidimensional systems can again be interpreted as an infinite
number of one dimensional systems, each of constant g0. The r¯ function
gives the relative weight we assign to each one dimensional system when we
compute some conserved charge.
As we can see in the following the same happens from even to odd dimen-
tions. Of course all the above equations and definitions can be translated
without major work to the Eulerian formalism.
• The (nonhomentropic) even dimensional case, D = 2n, n ≥ 1:
Now we cannot use the function f0 to construct conserved quantities because
it is not any more τ -conserved (remember that now ∂τdA = dα∧ds).
The only time conserved function that we can use to construct ξ is
thus s. We again have to look for all gauge parameter ξ (D − 1 )-forms
that satisfy the τ independence constraint (∂τξ = 0), the divergenceless
constraint (dξ = 0) and the constraint ξ∧ds = 0. The result is that the
only solution is ξ = dF∧dA∧ . . .∧dA (where the number of dA factors is
just (n − 1 ) and F is an arbitrary function of the entropy s). The associated
charge is
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QF =
∫
Va
A∧ (dF∧dA∧ . . .∧dA) (136)
Again we find a single infinity of charges. The arbitrariness of the func-
tion F has a similar meaning as the arbitrariness of the r¯ function of the
previous example. If for example we look for a four dimensional nonhome-
ntropic fluid, then what really happens is that the theory is just an infinite
number of three dimensional theories living in some slice of constant en-
tropy. We can then compute the helicity for each of them which will be
independently conserved. The total charge 136 is just each of these helici-
ties weighted by an arbitrary function (for example a Dirac δ function if we
just want to look for the helicity of a specific slice). By analogy with the
preceding example we will call these quantities the potential helicities.
In the case where we have more than one macroscopic thermodynamic
function in our theory, the analysis, is completely straightforward if we follow
the above examples. In fact the rule seems to be that if we have p thermo-
dynamic variables the gauge group is broken from SDiff (Va) to SDiff (Wa)
(Wa is a (D−p)-dimensional manifold), with an infinite number of conserved
charges if the effective dimension D − p is even and just one in the odd case
for each homogeneous submanifold of fluid (with uniform thermodynamic
variable).
It is remarkable that the same group of volume preserving diffeomor-
phisms is absolutely essential in membrane theory and its application to
define the mysterious M-theory by discretizing the surface and the group is
under intensive study. It is important to note that all the even dimensional
flows share this feature of an infinite number of invariants, it is not a par-
ticularity of two dimensions. This may be encouraging for M-theory that
requires us absolutely to consider less familiar objects than strings or even
membranes.
6.4 The Eulerian framework
The purpose of this last section is just to give the translation of the above
results in the more usual Eulerian language. For that we just need to do an
ordinary change of variables in the integral formulas between the aa variables
and the xi variables.
Before starting with some precise example, let us remember the general
points:
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- The change of variables will be aa → aa(xi, t), and τ = t. t is just the
Eulerian time, τ is the material or Lagrangian time. A conserved charge
has to be invariant under the ∂
∂τ
derivative, which is in Euler time just the
total derivative D
Dt
:= ∂
∂t
+ ui ∂
∂xi
. Of course ui is the Eulerian velocity.
- In the begining we fixed the volume form of the a-space to one. Now,
the corresponding volume form in the Euler framework is just the inverse of
the Jacobian of the transformation a→ x. We then must be careful to use
Levi-Civita tensor densities and in the following the ǫijk... or ǫabc... symbols
will be always constant. The density ρ will then appear explicitly.
We are now ready to translate all the results found in section 6.2 and
6.3:
• The total charge, equation 132 becomes
∂τ
[
Q(ξ) =
∫
Vx
uiξ
i ρ dDx
]
= 0 (137)
Where ui = Aa
∂aa
∂xi
is the Eulerian velocity and ξi = ξa ∂x
i
∂aa
.
• The helicity, equation 133 becomes
Q =
∫
Vx
ǫij1k1...jnknui∂j1uk1 . . . ∂jnukn d
2n+1x (138)
This charge was found by other methods by Tartar & Serre [42] and
by Khesin & Chekanov [43] as a D-dimensional generalisation of the usual
helicity [39] [40].
• The enstrophies, equation 134, become
Qf¯ =
∫
Vx
f¯(f0) ρ d
2nx (139)
Where f0 = ρ
−1 ǫi1j1...injn ∂i1uj1 . . . ∂inujn and f¯(f0) is of course an
arbitrary function of f0.
Again this result can be found in the work of Serre [42] and Khesin &
Chekanov [43].
• The potential vorticities, equation 135 becomes
Qr¯ =
∫
Vx
r¯(s, g0) ρ d
2n+1x (140)
Where g0 = ρ
−1 ǫij1k1...jnkn ∂is ∂j1uk1 . . . ∂jnukn was already known in
three dimensions as the potential vorticity [44], see for example [14]. r¯ is
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an arbitrary function of g0 and s. Remember that the double infinity of
conserved charges was explained in section 6.3. It is just an infinite num-
ber of (D − 2 )-dimensional subsystems of constant entropy s and constant
potential vorticity g0 weighted by r¯.
• The potential helicity, equation 136 becomes
QF =
∫
Vx
ǫijk1l1...knln∂iFuj∂k1ul1 . . . ∂knuln d
2n+1x (141)
Where F is an arbitrary function of s. Here, the number of charges
is just infinite. The reason is that our fluid, as in the previous example
can be viewed as an infinite number of (D − 1 )-dimensional subsystems of
constant entropy weighted by F (s), whose odd dimensional character implies
the existence of only one conserved charge, the helicity.
In conclusion let us comment on the impressive generality of the Noether
approach, it did in fact impress her contemporaries. A poll among colleagues
has shown that very few did actually know the full contents of the paper,
and even fewer read it.
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